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Filtering
• Which values in these domains do not satisfy the constraint

 A + B = C ?

2

dom(A) = {1, 5}

dom(B) = {1, 3, 5}

dom(C) = {2, 3, 6}
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Filtering
• Which values in these domains do not satisfy the constraint

 A + B = C ?

2

dom(A) = {1, 5}

dom(B) = {1, 3, 5}

dom(C) = {2, 3, 6}

• Each constraint has its own filtering algorithm.

• These algorithms are called millions of times during the search 
process.

• It therefore important that the design and the implementation of 
these algorithms make them as efficient as possible.
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Random Access Machine
(RAM)

• The running time efficiency of an algorithm is analyzed on a 
theoretical machine.

• Summary of the RAM: manipulating one bit of memory requires 
one unit of time.

• Adding two w-bit integers require O(w) time.

• Usually, we simplify by saying that the size of integers are bounded 
by a constant and therefore arithmetic operations execute in 
constant time. 

3
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Word-RAM

• A Word-RAM is a RAM that can manipulate w bits in a single 
instruction.

• If each bit represents a piece of input data then the Word-RAM 
can manipulate w pieces of data in constant time.

• One can hope to solve problems w times faster with a Word-
RAM than with RAM.

4
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Word-RAM Instructions

5

1 0 0 1 1 0 1 1y

x & y 0 0 0 0 1 0 0 1

x | y 1 1 0 1 1 1 1 1

x ⊕ y 1 1 0 1 0 1 1 0

7 6 5 4 3 2 1 0

0 1 0 0 1 1 0 1x
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Word-RAM Instructions

6

7 6 5 4 3 2 1 0

0 1 0 0 1 1 0 1x

x « 2 0 0 1 1 0 1 0 0

x » 2 0 0 0 1 0 0 1 1

LSB(x)  0

MSB(x) 6

~x 1 0 1 1 0 0 1 0
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Word-RAM and
Constraint Solvers

• Constraint solvers already use the advantages of a Word-RAM to 
encode the variable domains.

• A bitset can represent a set of integers and therefore a domain. 

7

7 6 5 4 3 2 1 0

0 1 0 0 1 1 0 1dom(X) = {0, 2, 3, 6}

• There are two advantages with this encoding:

• When backtracking, the solver restores 64 values in time O(1).

• The encoding is compact.
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Set Operations
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Set Operations

8

A & B A \B

A | B A [B

A ⌧ k {a+ k | a 2 A, a+ k < w}

Operator Equivalence

7 6 5 4 3 2 1 0

0 1 0 0 1 1 0 1A = {0, 2, 3, 6}

A « 2 = {2, 4, 5}

7 6 5 4 3 2 1 0

0 0 1 1 0 1 0 0
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8

A & B A \B

A | B A [B

A ⌧ k {a+ k | a 2 A, a+ k < w}

Operator Equivalence



Journées de l’optimisation 2012 Claude-Guy Quimper

Set Operations

8

A & B A \B

A | B A [B

A ⌧ k {a+ k | a 2 A, a+ k < w}

A � k {a� k | a 2 A, a � k}

Operator Equivalence



Journées de l’optimisation 2012 Claude-Guy Quimper

Set Operations

8

A & B A \B

A | B A [B

A ⌧ k {a+ k | a 2 A, a+ k < w}

A � k {a� k | a 2 A, a � k}

Operator Equivalence7 6 5 4 3 2 1 0

0 1 0 0 1 1 0 1A = {0, 2, 3, 6}

A » 2 = {0, 1, 4}

7 6 5 4 3 2 1 0

0 0 0 1 0 0 1 1



Journées de l’optimisation 2012 Claude-Guy Quimper

Set Operations

8

A & B A \B

A | B A [B

A ⌧ k {a+ k | a 2 A, a+ k < w}

A � k {a� k | a 2 A, a � k}

Operator Equivalence



Journées de l’optimisation 2012 Claude-Guy Quimper

Set Operations

8

A & B A \B

A | B A [B

A ⌧ k {a+ k | a 2 A, a+ k < w}

A � k {a� k | a 2 A, a � k}

LSB(A) min(A)

Operator Equivalence



Journées de l’optimisation 2012 Claude-Guy Quimper

Set Operations

8

A & B A \B

A | B A [B

A ⌧ k {a+ k | a 2 A, a+ k < w}

A � k {a� k | a 2 A, a � k}

LSB(A) min(A)

MSB(A) max(A)

Operator Equivalence



Journées de l’optimisation 2012 Claude-Guy Quimper

Set Operations

8

A & B A \B

A | B A [B

A ⌧ k {a+ k | a 2 A, a+ k < w}

A � k {a� k | a 2 A, a � k}

LSB(A) min(A)

MSB(A) max(A)

⇠ A A

Operator Equivalence
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The SUM constraint
• Which values in these domains do not satisfy the constraint

 A + B = C ?

9

dom(A) = {1, 5}

dom(B) = {1, 3, 5}

dom(C) = {2, 3, 6}

• Assuming the cardinality of these three domains is n, the best 
known algorithm to solve this problem runs in time O(n2) on a 
RAM.

• Can we do better with a Word-RAM?
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Filtering Algorithm

10

A + B = C

dom(A) = {1, 5}, dom(B) = {1, 3, 5}, dom(C) = {2, 3, 6}
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1
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�
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• Suppose all domains are contained in the interval [0, n).

• Suppose that a single word is sufficient to contain all domains

• We have at most n sets to compute and to unite.

• We have one intersection to compute.

• Running time complexity: O(n)

• If domains cannot be encoded in a single word (n>w)

• Each operation has a running time of            . 

• Total running time:            .O

✓
n2

w

◆
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Analysis

11

O
⇣ n

w

⌘
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All-Different
• The constraint All-Different(X1, ..., Xn) is satisfied when all 

variables have distinct values.

• This constraint is satisfied when there exists a matching of 
cardinality n in the value graph.

12

dom(X1) = {1, 2}
dom(X2) = {1, 2}
dom(X3) = {2, 3}
dom(X4) = {2, 3, 4}

X1

X2

X3

X4

1

2

3

4
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Graph Traversal

• Régin’s filtering algorithm for the All-Different constraint requires 
to compute matching in the value graph and find the strongly 
connected components of the residual graph.

• These operations require to perform multiple traversals of a 
graph.

• Depth-first search.

• Breadth-first search

13
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Depth-First Search

• Running time complexity on a RAM: O(n + m)

• Running time complexity on a Word-RAM: O(n2/w)

14

Visit(Graph, s)
Mark the node s as visited
For all v in Neighbors(s)

If v has not been visited
Visit(Graph, v)



Journées de l’optimisation 2012 Claude-Guy Quimper

Depth-First Search

15

VisitWordRAM(Graph, s)
V = V | (1 « s )
While Neighbors(s) & ~V != 0 

Visit(Graph, LSB(Neighbors(s) & ~V))

Visit(Graph, s)
Mark the node s as visited
For all v in Neighbors(s)

If v has not been visited
Visit(Graph, v)
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N-Queen Problem

16

n-queen
ALL-DIFFERENT ALL-DIFFERENT

WordRam

n bt SUM
Table

SUM
WordRam

SUM
Table

SUM
WordRam

9 208 14 11 11 8
10 686 48 38 37 26
11 2940 210 163 157 112
12 13450 972 759 737 526
13 65677 4827 3782 3657 2610
14 344179 25842 20199 19464 13798
15 1948481 149567 116567 111822 80002

Magic Square
ALL-DIFFERENT ALL-DIFFERENT

WordRam

n bt SUM
BruteForce

SUM
WordRam

SUM
BruteForce

SUM
WordRam

5 782 613 89 603 61
6 1535 2953 330 2931 238
7 2584 10654 1003 10551 748
8 4336 36301 3501 36220 2844
9 8211 119710 11228 117856 8849
10 23902 596705 46818 587675 37781
11 41857 - 109521 - 90062

Golomb Ruler
ALL-DIFFERENT ALL-DIFFERENT

WordRam

n bt SUM
BruteForce

SUM
WordRam

SUM
BruteForce

SUM
WordRam

6 39 8 4 8 2
7 207 44 22 37 16
8 1284 275 175 228 127
9 5980 1823 1286 1538 990
10 33318 12976 10380 11037 8484
11 553793 309715 275332 276345 241827

All-Interval
ALL-DIFFERENT ALL-DIFFERENT

WordRam

n bt ABS
Table

ABS
WordRam

ABS
Table

ABS
WordRam

9 855 24 14 18 10
10 2903 93 56 69 37
11 10335 366 216 268 140
12 39270 1555 891 1131 578
13 155792 6823 3838 4857 2480
14 656435 31116 17351 22443 10967
15 2886750 146681 80817 105740 50960
16 13447418 - 402566 522795 251246

Table 1: Execution times, in milliseconds, to solve an instance of size n. The column bt reports the number of backtracks.

order to solve larger instance. Most of the computation time
is spent in filtering the linear constraints. Table 1 shows that
SUM

WordRam

cuts the computation time by 92% on some
instances compared to the algorithm SUM

BruteForce

. The
saving offered by ALL-DIFFERENT

WordRam

is not signif-
icant since most of the time is spent in filtering the linear
constraints.

The Golomb Ruler Problem

The Golomb ruler problem consists of finding an increas-
ing sequence X

1

, . . . , X
n

with minimal X
n

such that the
differences D

ij

“ X
j

´ X
i

are all distinct. We use
one constraint ALL-DIFFERENT over the variables D

ij

and
Opn2q constraints X

i

` D
ij

“ X
j

. Table 1 shows that
ALL-DIFFERENT

WordRam

offers a gain ranging from 10%
to 27% compared to ALL-DIFFERENT. SUM

WordRam

im-
proves the time up to 35% compared to SUM

BruteForce

. To-
gether the word-RAM algorithms cut the computation time

by 75% on the small instances to 22% on the larger in-
stances.

The All-Interval Problem

The all-interval problem consists of finding a sequence
X

1

, . . . , X
n

such that the differences D
i

“ |X
i

´ X
i´1

|
are all distinct. We use a single constraint ALL-DIFFERENT
and n ´ 1 constraints of absolute difference. Table 1 shows
that ALL-DIFFERENT

WordRam

is from 28% to 37% faster
than ALL-DIFFERENT, and that the use of ABS

WordRam

can
cut in half the times compared to ABS

Table

. When combined
together, the word-RAM algorithms reduce the computation
time by 65%.

Conclusion

Designing filtering algorithms for the Word-RAM leads to
significant gains in efficiency. The bitset data structure used

Ai = Xi + i

Bi = Xi � i

All-Different(X1, . . . , Xn)

All-Different(A1, . . . , An)

All-Different(B1, . . . , Bn)

Figure 1 – Solutions du problème 4-reines

4 0ZQZ
3 L0Z0
2 0Z0L
1 ZQZ0

x1 x2 x3 x4

4 0L0Z
3 Z0ZQ
2 QZ0Z
1 Z0L0

x1 x2 x3 x4

qu’aucune paire de reines ne se menacent mutuellement. Aucune reine ne doit
se trouver sur la même rangée, colonne et diagonale qu’une autre reine. Nous
considérons ici le problème des quatre reines (n = 4). Soit les variables suivantes
et leur domaine associé :

dom(x1) = {1, 2, 3, 4}
dom(x2) = {1, 2, 3, 4}
dom(x3) = {1, 2, 3, 4}
dom(x4) = {1, 2, 3, 4}

Ces domaines représentent l’espace de solution. Nous ajoutons à ces variables
les contraintes suivantes :

xi 6= xj 8i < j (1)

xj � xi 6= j � i 8i < j (2)

xj � xi 6= i� j 8i < j (3)

L’équation 1 décrit le fait que deux reines ne peuvent pas être sur la même
ligne de l’échiquier. L’équation 2 représente l’absence de menaces entre deux
reines sur la diagonale positive et l’équation 3 sur la diagonale négative.

Pour représenter les di↵érents états durant la recherche de solutions, une
structure de données d’arbre est utilisée. Cet arbre est fréquemment référé en
tant qu’arbre de recherche. La racine de cet arbre est l’état de départ où aucune
variable n’a été instanciée. Les feuilles sont les états où toutes les variables sont
instanciées. Enfin, les autres noeuds de l’arbre sont les états où une partie des
variables sont instanciées. Chaque transition d’un noeud parent vers un noeud
enfant correspond à l’instanciation d’une variable.

Par défaut, l’ordre dans lequel les variables sont instanciées n’est pas défini.
C’est aussi le cas de l’ordre dans lequel les valeurs de chaque variable sont utili-
sées lors des instanciations. Il est possible de définir ces ordonnancements grâce

4

Times are in milliseconds
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Magic Squares

17
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order to solve larger instance. Most of the computation time
is spent in filtering the linear constraints. Table 1 shows that
SUM

WordRam

cuts the computation time by 92% on some
instances compared to the algorithm SUM

BruteForce

. The
saving offered by ALL-DIFFERENT

WordRam

is not signif-
icant since most of the time is spent in filtering the linear
constraints.

The Golomb Ruler Problem

The Golomb ruler problem consists of finding an increas-
ing sequence X

1

, . . . , X
n

with minimal X
n

such that the
differences D

ij

“ X
j

´ X
i

are all distinct. We use
one constraint ALL-DIFFERENT over the variables D

ij

and
Opn2q constraints X

i

` D
ij

“ X
j

. Table 1 shows that
ALL-DIFFERENT

WordRam

offers a gain ranging from 10%
to 27% compared to ALL-DIFFERENT. SUM

WordRam

im-
proves the time up to 35% compared to SUM

BruteForce

. To-
gether the word-RAM algorithms cut the computation time

by 75% on the small instances to 22% on the larger in-
stances.

The All-Interval Problem

The all-interval problem consists of finding a sequence
X

1

, . . . , X
n

such that the differences D
i

“ |X
i

´ X
i´1

|
are all distinct. We use a single constraint ALL-DIFFERENT
and n ´ 1 constraints of absolute difference. Table 1 shows
that ALL-DIFFERENT

WordRam

is from 28% to 37% faster
than ALL-DIFFERENT, and that the use of ABS

WordRam

can
cut in half the times compared to ABS

Table

. When combined
together, the word-RAM algorithms reduce the computation
time by 65%.

Conclusion

Designing filtering algorithms for the Word-RAM leads to
significant gains in efficiency. The bitset data structure used

2 7 6

9 5 1

4 3 8

Times are in milliseconds
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Conclusion

• Using a different theoretical machine leads to a different running 
time analysis.

• The way one analyses an algorithm changes the way one designs 
that algorithm.

• The Word-RAM model can lead to substantial gains in execution 
time.
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