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Adaptive learning algorithms (ALAs) is an important class of agents that learn the utilities
of their strategies jointly with the maintenance of the beliefs about their counterparts’
future actions. In this paper, we propose an approach of learning in the presence
of adaptive counterparts. Our Q -learning based algorithm, called Adaptive Dynamics
Learner (ADL), assigns Q -values to the ﬁxed-length interaction histories. This makes it
capable of exploiting the strategy update dynamics of the adaptive learners. By so doing,
ADL usually obtains higher utilities than those of equilibrium solutions. We tested our
algorithm on a substantial representative set of the most known and demonstrative matrix
games. We observed that ADL is highly effective in the presence of such ALAs as Adaptive
Play Q -learning, Inﬁnitesimal Gradient Ascent, Policy Hill-Climbing and Fictitious Play
Q -learning. Further, in self-play ADL usually converges to a Pareto eﬃcient average utility.
© 2009 Elsevier Inc. All rights reserved.
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1. Introduction
Classically, an approach to solve the problem of decision making in the presence of multiple agents supposed that the
agents would ﬁnd an interdependent solution called “equilibrium”. They could achieve that by means of interactions or by
using an initial knowledge of their own reward function and those of the other players. One of the most known and widely
used (especially in economics) concepts of equilibrium is the Nash equilibrium (NE). NE is a situation, in which each agent
in a multiagent system acts so as to maximize its own utility given the other players’ strategies (game theorists say that
it plays its best response to those strategies). In that way, a unilateral deviation of a player from the equilibrium strategy
does not increase its own utility. As soon as all rational (i.e., maximizing one’s own utility) players simultaneously ﬁnd
themselves in this situation, NE is a stable point. Nash [1] showed that such point always exists in any n-player game in
which every player can choose from ﬁnitely many strategies. This latter property makes this solution concept very attractive.
There are two basic approaches to ﬁnding a NE. The ﬁrst one is a game theoretical approach. It assumes the complete
knowledge by all agents of the reward structure of the game underlying the decision problem. According to this approach,
each agent ﬁrst computes an equilibrium strategy by solving an optimisation problem, and then all agents play on this
strategy. One problem arises when the game has several equilibria, and the agents have computed the different ones. In this
case, when the agents execute their strategies, belonging to the equilibria computed individually, their actual joint behavior
does not form an equilibrium. This usually results in a lower utility for certain or all agents.
Another problem with the classical game theoretical approach is that the agents, by computing an equilibrium, implicitly
assume that all other agents are rational and, therefore, will also behave in the way prescribed by the equilibrium. However,
if certain agents are not rational (for example, broken, or have an insuﬃcient performance to compute an equilibrium in a
reasonable time, or follow a predeﬁned ﬁxed strategy, etc.) and if there is another agent that is aware of this irrationality
(or is able to deduct it) this latter agent could and would want to exploit those weak counterparts in order to augment its
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own utility. Furthermore, following an equilibrium strategy in the presence of such weak counterparts can itself be irrational
because this usually does not maximize the equilibrium player’s utility given the counterparts’ non-equilibrium behavior.
The second approach to ﬁnding an equilibrium is the adaptive one. It assumes that the agents learn their strategies by
adapting to each other in self-play, i.e., using the same learning algorithm. The adaptive approach typically assumes that
the agents do not know, or know only partially, the reward structure of the game. It is also commonly supposed that after
making an action the adaptive learning agents are able to observe their own reward. Certain approaches also require the
observability of the actions made by the other agents [2,3]. Finally, in the less realistic settings, the strategies (i.e., the
probability distributions over actions) or the rewards obtained by the other agents are also assumed to be observable [4–6].
The adaptive learners learn the utilities of their strategies jointly with the maintenance of the beliefs about their counterparts’ future actions. They base their decisions on the utilities of the strategies learned as yet and the current belief about
the future action of their opponents. Their strategies can be pure (a single action) or mixed (a probability distribution over
actions) depending on the algorithm in question.
As yet, among the adaptive learning algorithms (ALAs), the most known and representative ones are the following: JointAction Learning (JAL) [2], Inﬁnitesimal Gradient Ascent (IGA) [4], Policy Hill-Climbing (PHC) [7], Fictitious Play Q -learning
(FPQ) [8], and Adaptive Play Q -learning (APQ) [3].
For certain ALAs, it was formally shown that they possess the property of convergence to a NE, or, in the limit, to an
equivalent utility. Another attractive property of virtually all ALAs is that they are capable of learning a best response to the
observed empirical strategy of their counterparts. This means that the above problem with the game theoretical approach
(i.e., the situation when there is a weaker counterpart that does not follow an equilibrium) is here solved. Such weaker
counterparts are usually exploited by the adaptive learners. However, while certain ALAs have the above two properties,
the latter does not guarantee optimality regardless the opponent. When faced with a more reﬁned counterpart, adaptive
learners can be exploited [9,10].
According to Shoham et al. [11], proposing a learning strategy, which is especially effective for a ﬁxed class of counterparts, falls under the so-called “AI agenda”. The proposed in this paper algorithm that we call Adaptive Dynamics Learner
(ADL) is able to learn an effective behavior in the presence of adaptive counterparts. ADL takes as its input the ﬁxed-length
history of interactions with its counterparts. Then it learns a best long-term strategy for every observed history. By so doing,
ADL can exploit the dynamics of strategy updates of a number of ALAs. This yields for ADL in a higher average utility than
any equilibrium strategy can provide. We tested our algorithm on a set of well known and demonstrative repeated matrix
games. Our results show that ADL agent is highly effective in both self-play, and, especially in adversarial games, against
the PHC, FPQ, APQ and IGA players.
The rest of the paper is organized as follows. First, we describe the four ALAs (PHC, FPQ, APQ and IGA) and introduce
our ADL algorithm. Then, by comparative testing, we demonstrate that ADL can exploit the ALAs in adversarial games by
remaining rational and highly effective in other games, as well as versus the stationary opponents and in self-play. Finally,
we analyze the exploitability of each of the above four ALAs on an example of the repeated Matching Pennies.
2. Adaptive learning algorithms
In this section, we describe four well-known ALAs: IGA [4], PHC [7], FPQ [8] and APQ [3]. For each of them, we specify
why it belongs to the class of the adaptive learning algorithms. But ﬁrst, we present the notation and some important game
theoretical and multiagent learning notions.
A matrix game is a tuple (n, A1...n , R 1...n ), where n is the number of players, A j is the set of actions of player j = 1 . . . n.
During one play, all players simultaneously execute their actions a j ∈ A j . The resulting vector a = (a1 , . . . , an ) ∈ A ⊆ × j A j
is called joint action. The reward function R j : A → R deﬁnes the immediate utility of a joint action a for player j. A mixed
j
strategy of player j is a probability distribution π j ∈ (A j ), with π j denoting the probability with which player j chooses
a

the action a j from the set A j , and (A j ) denoting the set of all possible probability distributions over player’s actions.
j
A strategy is called pure if π j = 1 for a certain a j . For simplicity and with no ambiguity, we can call pure strategy an
a

action. A strategy proﬁle is a vector  = (π 1 , . . . , π n ) of all players’ strategies.
It is commonly to use the notation − j to denote all players except player j. A reduced proﬁle for player j, − j =
−j
(π 1 , . . . , π j −1 , π j +1 , . . . , π n ), is a vector containing strategies of all players except j, and  − j is the probability for playa

ers k = j to play a joint action a− j ∈ A− j ⊆ ×k Ak . Given a player j and a reduced proﬁle − j , a strategy π̂ j is a best
response (BR) of player j to − j if the expected utility of the strategy proﬁle (− j , π̂ j ) is maximal for player j. A best
response need not be unique. There can be a, possibly inﬁnite, set of best responses of player j to a reduced proﬁle − j .
This set is denoted as BR j (− j ). More formally, the expected utility of a strategy proﬁle  = (− j , π j ) for a player j is
given by:
U j () =


a j ∈A j

πajj


a− j ∈A− j





−j
a− j

R a j , a− j 
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where R (a j , a− j ) is the reward (or, the immediate utility) player j receives if the joint action a = (a j , a− j ) is played. In this
case, a best response of player j to the reduced proﬁle − j is a strategy π̂ j such that ∀π j = π̂ j :







U j − j , π̂ j  U j − j , π j



A repeated game is a process, which consists of a certain (may be unknown, or inﬁnite) number of repetitions of the same
matrix game. From the player j’s perspective, the goal of the learning in a game is to compute a strategy π j ∗ maximizing
its own expected utility. This can be done by repeatedly playing with an opponent. If the desired strategy π j ∗ is in a form
of a mixed or a pure strategy deﬁned above, it is often called a memoryless (or one shot game) strategy. This is due to the
fact that this strategy is an unconditioned probability distribution over agent’s actions. The majority of the existing learning
algorithms for repeated games, including all ALAs mentioned above, only learn the strategies of this form.
However in a repeated game, a player’s strategy can be memoryful. I.e., it can be deﬁned as a function π j ∗ : H → ( A j ),
where H is a set of all interaction histories agent j is able to memorize. The including of even short recent interaction
histories into the players’ strategies has been observed to be a way to improve cooperation between independent learning
agents [12] and to exploit a known memoryless opponent [9]. Furthermore, the Folk theorem in the Game Theory [13] states
that the utility of any Pareto eﬃcient outcome1 in a matrix game can be the utility of a NE in the corresponding repeated
game, if the players are suﬃciently patient. The term “suﬃciently patient” refers to how long a player can remember the
past interactions and how these memories inﬂuence its future decisions. Informally speaking, the strategies that achieve
this Pareto eﬃcient utility as a utility of a NE usually have the pattern that they suﬃciently punish the other player for any
defection from the Pareto eﬃcient joint behavior. This encourages the other rational player not to defect for a short term
gain.
The reader can remark the similarity of the principles behind the Folk theorem with the above memoryful strategies.
As we will show below, our new ADL algorithm learns memoryful strategies based on the ﬁxed-length histories of recent
interactions with the opponent player. Our experimental results demonstrate that in many games, this permits obtaining a
higher utility in both self-play and versus ALAs, as compared to the utility of a one shot NE.
2.1. Adaptive Play Q -learning (APQ)
The ﬁrst ALA we present is a Q -learning [14] based extension of the Adaptive Play algorithm for repeated games proj
−j
−j
posed by Young [15]. Formally, each player j playing Adaptive Play saves in memory a history H t = {at − p , . . . , at } of the
last p joint actions played by the other players. To select an action to execute at time t + 1, each player randomly and irrevo−j

−j

−j

ˆ
cably samples from H t a set of length l, Ĥ t = {ak , . . . , ak }, of examples. Then it computes the empirical distribution 
1
l
as an approximation of the real reduced proﬁle of strategies played by the other players, as follows:
j

j

−j
ˆ −−jj = C (a , Ĥ t )

a
j

(1)

l

j
j
where C (a− j , Ĥ t ) is the number of times that the joint action a− j was played by the other players according to the set Ĥ t .

ˆ
Given the probability distribution over the other players’ actions, 
−j

−j

, the Adaptive Player j plays its best response,

ˆ ). If there are several equivalent best responses, player j randomly chooses one of them. Young [15] proved the
BR j (
convergence of Adaptive Play to an equilibrium in self-play for a big class of games called “weakly acyclic games”. For
instance, such games as coordination and common interest games belong to this class.
The APQ algorithm (for Adaptive Play Q -learning) is an extension of Young’s Adaptive Play to the multi-state (or, stochastic game) context [3]. In multi-state environments, such as the stochastic games, each system’s state s, belonging to the set
of states S , is considered as a distinct matrix game [16]. So, with no ambiguity, we can call “games” the states of a multistate environment. At each game iteration, a joint action is played, the rewards are generated and then the game is changed
from s to s according to a certain transition function. To handle multiple states and players, in APQ the usual single-agent
Q -learning update rule has been modiﬁed as follows:




ˆ s ), a j
Q j (s, a) ← (1 − α ) Q j (s, a) + α R j (s, a) + γ max U j (



a j ∈A j

where s and s are respectively the old and the new game, a is the joint action played in the game s, Q j (s, a) is the
current value of the player j’s utility for playing the joint action a in the game s, R j (s, a) is the reward the player j has
received after playing the joint action a in the game s. γ ∈ [0, 1] is the so called discount factor, and it usually measures in
multi-state problems how the rewards that can be obtained in the future states affect the utilities of actions in the current
state [17]. In repeated games, the discount factor γ is often understood as the probability that the repeated game will
continue from one iteration to the next. Notice that for simplicity of exposition, in this paper we remain in the repeated
game framework, i.e., when |S | = 1.
1

A game outcome, or a players’ joint strategy, is said to be Pareto eﬃcient if its utility is maximal for all players.
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The APQ algorithm (as well as the original Adaptive Play) belongs to the class of ALAs due to the fact that it always
maintains an estimate of the current strategy of the other players, and its current strategy is a best response to that
estimate. If the other players’ strategy changes, the strategy of the Adaptive Player adapts to this change. The sensibility
of APQ to an opponent’s strategy change depends on the history length p. The adaptation speed in turn depends on the
sampling length l.
2.2. Inﬁnitesimal Gradient Ascent (IGA)
Singh et al. [4] examined the dynamics of using the gradient ascent in two-player, two-action repeated games. The problem can be represented with two reward matrices for the row and column players, r and c, as follows:


Rr =

r11
r21

r12
r22




Rc =

c 11
c 21

c 12
c 22



The players r and c select simultaneously an action from the set Ar ,c = {1, 2}. The row player r selects an action p ∈ Ar ,
the column player c selects an action q ∈ Ac and the rewards they obtain are respectively R rpq and R cpq .
So far as this is a two-action game, a mixed strategy can be represented as a single value. Let α ∈ [0, 1] be a probability
with which player r selects the action 1 and let 1 − α be the probability to play the other action. In a similar way, let
β ∈ [0, 1] and 1 − β be the probabilities to play respectively the actions 1 and 2 by the player c. The expected utilities of
playing a strategy proﬁle  = (α , β) are then computed by players r and c as follows:
U r (α , β) = r11 α β + r22 (1 − α )(1 − β) + r12 α (1 − β) + r21 (1 − α )β
U c (α , β) = c 11 α β + c 22 (1 − α )(1 − β) + c 12 α (1 − β) + c 21 (1 − α )β
To estimate the effect of changing its current strategy, a player can compute a partial derivative of its expected utility
with respect to its mixed strategy:

∂ U r (α , β)
= β u − (r22 − r12 )
∂α
c
∂ U (α , β)
= α u − (c 22 − c 21 )
∂β
where u = (r11 + r22 ) − (r21 + r12 ) and u = (c 11 + c 22 ) − (c 21 + c 12 ).
At each iteration, the Inﬁnitesimal Gradient Ascent (IGA) player adjusts its current strategy in the direction of the gradient
so as to maximize its utility:

∂ U r (αt , βt )
∂α
∂ U c (αt , βt )
βt +1 = βt + η
∂β

αt +1 = αt + η

where η is a step size, usually 0 < η
1. Obviously, the opponent’s mixed strategy is supposed to be known by the players.
The IGA algorithm belongs to the class of ALAs because the player’s strategy is always updated in the direction of the
gradient of its expected utility. Since this expected utility is a function of the other player’s actual strategy, similarly to the
Adaptive Player, the IGA player will always adapt its strategy to the strategy changes of its counterpart. The sensibility of
IGA to the opponent’s strategy changes is immediate, while the adaptation speed depends on the value of the step size η .
2.3. Policy Hill-Climbing (PHC)
The PHC algorithm [7] for multiagent learning is a modiﬁcation of the usual Q -learning. Following a transition from a
game s to a game s , the utilities of the player j’s actions are updated as usually:
Q

j





s, a j ← (1 − α ) Q

j













s, a j + α R j s, a j + γ max Q s , a j



aj

where a j is the action executed by player j in the game s.
However, unlike the Q -learning, which only learns pure strategies,2 PHC can learn mixed strategies. The strategy is
improved by increasing the probability of the highest valued action using the small step δ , called learning rate:

πajj (s) ← πajj (s) + sa j
where
2

In the single-agent stationary environments, there always exists an optimal pure strategy.
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if a j = argmaxa j Q (s, a j )

−δsa j

sa j =
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a j=
 aj
j

otherwise

δsa j

δsa j = min πa j (s),

δ
|A j | − 1

while constrained to a legal probability distribution.
While PHC does not possess proved convergence properties, its learning dynamics has been empirically observed to be
very similar to that of IGA [7]. To relate PHC to the class of ALAs, notice that PHC, albeit implicitly, still maintains the beliefs
about its opponent strategy. These beliefs are “hidden” in the Q -values that are assigned to the pairs (game, player’s action).
In fact, the PHC player’s Q -value of the game-action pair (s, a j ) reﬂects the expected utility of the action a j given the
counterparts’ unobservable joint strategy in the game s. If the counterparts’ strategies change, the strategy of the player j
will change accordingly. The sensibility of PHC to the opponent strategy changes depends on the value of the learning
rate α . The adaptation speed, in turn, is deﬁned by the value of the second learning rate, δ . If the learning rate α is such
that it decreases as t → ∞,3 PHC will gradually loose its sensibility to the counterparts’ strategy changes. However, as we
will demonstrate below, even when α becomes very small, our ADL algorithm is still able to play effectively against PHC.
2.4. Fictitious Plays Q -learning (FPQ)
Similarly to APQ, the FPQ algorithm maintains the empiric beliefs about the reduced proﬁle of the other players’ strategies. However, instead of keeping in memory separately a ﬁxed length history of recent interactions and the Q -values for
every joint action (as the APQ algorithm does) in FPQ these data are mixed in a way similar to PHC. I.e., in FPQ the Q -values
of each game are assigned to the player’s own actions and not to the joint actions. Let, after a transition from a previous
game s to the next game s , a− j be the joint action played by the opponents. The FPQ player j then simultaneously updates
all its Q -values of the game s as follows,
Q

j





s, a j ← Q

j









s , a j + R j s , a j , a− j + γ E



max

s ∈S a j ∈A j

Q (s , a j )
m(s )



,

∀a j ∈ A j

where m(s) is the number of times the game s has been played. The expectation over the future games is computed using
the probabilities of transition from the game s to all other games in S . At each iteration, FPQ deterministically selects the
action to play by searching in its table of Q -values and by picking the action corresponding to the highest Q -value. It
randomizes between the actions with equal Q -values.
In its ALA properties, FPQ is similar to APQ, but with one important difference. The sensibility of FPQ to the opponent’s
strategy change is not a constant value. More precisely, it decreases as the number of games played grows. This is due to
the fact that the Q -values of FPQ are constantly growing. In this case, when the absolute difference between the Q -values
of different actions becomes large, the short-term changes of the opponents’ strategy do not affect the strategy of the FPQ
player. Therefore, at ﬁrst glance it should become more and more diﬃcult for ADL to exploit FPQ. However, we will show
below that ADL remains capable of exploiting FPQ even after a signiﬁcantly large number of games played.
3. Adaptive Dynamics Learner (ADL)
Although the ALAs usually demonstrate an effective behavior in self-play, Chang and Kaelbling [9] showed that these
algorithms can be exploited by a more reﬁned opponent. For instance, their algorithm, called PHC-Exploiter, outperforms
PHC in adversarial games by observing its behavior.
As was later shown by Tesauro [10], it is possible to exploit the adaptive dynamics with a simple knowledge that the
opponent belongs to the class of ALAs. His Hyper- Q learning algorithm explicitly learns the Q -values of mixed strategy
proﬁles (to do that, he discretized the probability space with a certain discretization size). Tesauro [10] empirically demonstrated that Hyper- Q outperforms PHC and IGA players in the Rock, Paper, Scissors game. However, there are three major
limitations making this algorithm impractical for real implementations. These are (1) discretization, which creates thousands
of internal states in the games with merely two players and three actions, such as Rock, Paper, Scissors; (2) at each iteration, Hyper- Q agent uses a computationally hard Bayesian belief update operation; and (3) the game of total observability
becomes partially observable because the beliefs about other player’s strategies are represented in a form of probability
distribution over all possible mixed strategies.
On the contrary, our Adaptive Dynamics Learner (ADL) algorithm is much simpler in terms of the amount of computation
required per iteration. ADL assigns a distinct Q -value to each experienced game history H of a ﬁxed length p and to each
action from its action set. Then it learns these Q -values by using a form of Q -learning. This substantially reduces the space
of internal states and possible strategies comparatively to the Hyper- Q approach.
More formally, the ADL player j maintains a table H j of histories, considered as its internal states. To each
j
history h j ∈ H j , it assigns a Q -value of the form Q j (h j , a j ), ∀a j ∈ A j . Being at iteration t in the state ht =
3

This is a necessary convergence condition of the Q -learning.
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Require Maximum history length p, Maximum time tmax
1: Current time t ← 0
j
2: Current state ht ← EmptySequence
j

3: at ← RandomAction
4: while t  tmax
j

5:

Play at with some decreasing exploration.

−j

j

6:

Observe the reward R t and the joint-action at .

7:
8:

Obtain new state ht +1 using (2) with ht , at and at .
j
j
j
Find the action at +1 maximizing Q -values in ht +1 and compute the utility U j (ht +1 ).

9:

Update Q j (ht , at ) using Eq. (3) with R t and U j (ht +1 ).

j

j

10:

j

j

Update current state

j

j

j
ht

−j

j

j
← ht +1 .
j
j
at ← at +1 .

11:
Save the action to play
12:
Increment the time t ← t + 1.
13: end while
14: return

Algorithm 1. Adaptive Dynamics Learner for player j.
j

−j

−j

j

−j

j

j

(at − p at − p at − p +1 at − p +1 . . . at −1 at −1 ), agent j searches in the table of Q -values the action at that maximizes the ADL’s
j
ht .

j
at

utility in
After that, agent j plays
with some probability of exploration decreasing over time. Having observed the
opponents’ joint action and its own reward, it generates its new internal state at iteration t + 1 by concatenating its own
j
−j
j
action at and the opponents’ joint-action at played at time t to ht and by withdrawing two very ﬁrst entries. That is,



j

−j

j

j − j

−j

j

ht +1 = at − p +1 at − p +1 at − p +2 at − p +2 . . . at at

(2)

j

j

Finally, player j updates the Q -value in ht corresponding to the action at using the following Q -learning-like update rule:
Q

j



j

j

ht , at ← (1 − α ) Q

j



j

j

j



j

j

− j

ht , at + α R j ht , at , at

 j 
+ γ U j ht +1

j

where U j (ht ) = maxa j ∈A j Q j (ht , a j ) and R j (·) is the reward obtained by j in the previous state. The ADL algorithm is
formally deﬁned in Algorithm 1.
4. Implementation and results
To validate our approach, we programmed four ALAs: IGA, PHC, FPQ and APQ. The following subsections provide the
implementation details for all programmed algorithms, including ADL. Then we present the experimental results obtained
in the games from GAMUT, a game theoretical test suite [18].
4.1. The APQ agent
The APQ agent we programmed has the following characteristics. The length of the history, p, is 16, the size of sampling, l, is 8, the discount factor, γ , is 0.99. The choice of particular values for p and l was dictated by the fact that the
minimal suitable values chosen in non-adversarial games4 made APQ too easily exploitable by ADL in adversarial games;
furthermore, there is no formal way to choose the best values for these parameters in adversarial games. However, we observed that increasing the values of these parameters lowers the adaptation speed of APQ and, consequently, APQ becomes
less exploitable. The learning rate α decreases gradually using the search-then-converge schedule [19] depending on the
number of updates of the respective Q -value:

αt (s, a) =

α0 τ
τ + nt (s, a)

where t is the current iteration, α0 is the initial value of the learning rate and nt (s, a) is the number of times that the
Q -value for the action a has been updated in the state s to time t. We set α0 = 0.5 and τ = 10, 000.
4.2. The IGA agent
IGA supposes an omniscient knowledge by the agent of the mixed strategy currently followed by its opponent. However,
ADL does not explicitly play mixed strategies. On the other hand, its strategies, being pure to it, appear to be mixed for
the IGA player because the two algorithms do not act in the same internal state space. Indeed, the current internal states
of these algorithms (i.e., concatenated joint actions for ADL, and opponent’s current mixed strategy for IGA) are different,

4

The choice of these values is game dependent, see [15] for details.
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R (1,2) =

 (−1, −1)
(−1, 1)
(1, −1)

(1, −1)
(−1, 1) 
(−1, −1) (1, −1)
(−1, 1) (−1, −1)

R (1,2) =

 (0, 0) (1, −1) (−1, 1) 
(−1, 1) (0, 0) (1, −1)
(1, −1) (−1, 1) (0, 0)

Shapley’s Game
R (1,2) =

7

Rock, Paper, Scissors

(1, −1) (−1, 1)
(−1, 1) (1, −1)

R (1,2) =

Matching Pennies

(3, 3) (0, 5)
(5, 0) (2, 2)

Prisoner’s Dilemma

Fig. 1. Four game matrices.

though from the standpoint of an external observer, the state of the system (i.e., the game played) is the same for both
players. To make the IGA agent capable of estimating the strategy of its opponent, we implemented two different techniques:
(i) Adaptive Play’s technique and (ii) Exponential Moving Average (EMA). We described the opponent’s strategy estimation
technique, used by Adaptive Play, in Section 2.1. It consists of using Eq. (1) to estimate the probability distribution.
EMA is a family of statistical techniques used to analyze time series data in ﬁnance and technical analysis. Typically, EMA
assumes that the recent observations are more informative than the older ones. As applied to our problem, given a new
−j

−j
ˆt
observed opponents’ joint action at , an EMA based agent j updates the estimation 

ˆ t−+j1


−j



as follows:

− j

ˆ t + μu at
← (1 − μ)

−j

−j

where u(at ) is a unit vector representation of the action at observed at time t and μ is a small constant (0 < μ
1).
In our experiments, we observed that the IGA agent using the Adaptive Play’s estimation technique was usually more
successful than the one using EMA. Therefore in our ﬁgures, we only present the results obtained by the IGA agent using
the Adaptive Play’s estimation technique. The strategy update step size of IGA, η , has been set to be as small as 0.05. As we
observed in our experiments, lower values of this parameter (0.01, for example) decrease the adaptation speed of the IGA
agent to the strategy changes of its opponent. However, IGA still remains exploitable by ADL in adversarial games (although
after a longer initial learning period).
4.3. The FPQ and PHC agents
The only important input parameter for both FPQ and PHC algorithms is the discount factor γ . For uniformity with the
other algorithms, we set it to be equal to 0.99. In PHC, the same search-then-converge schedule was used for decaying the
learning rate α .
4.4. The ADL agent
The only important parameter of ADL is p, the length of the history deﬁning its internal states. Is there a value of p that
would permit ADL agent to learn well the dynamics of an arbitrary opponent? Is there a certain universal value or it should
be individually adjusted to each opponent? Our experiments showed that most of the time the history of length 2 (i.e., the
only most recent joint action) was suﬃcient to outperform the ALAs in adversarial games. On the other hand, the value of 6
(three most recent actions) was suﬃcient to perform well regardless of the game played. Thus, in our experiments we set
p = 6, but how to eﬃciently determine the best value for p remains an important open question.
In our preliminary experiments with ADL, we observed that the standard exploration techniques that are typically used
in the reinforcement learning, such as GLIE [20], while being effective for ADL, were not eﬃcient enough in terms of the
learning speed. This can be explained by the fact that the internal states of ADL are not all interconnected. Indeed, by
making a random exploratory action, the ADL agent only changes a small fraction of the variables deﬁning its internal state.
For example, consider a game in which each player has A = {a, b} as its action set, and p = 6. Let at a certain iteration t,
the current internal state of ADL be (aa, aa, aa). If ADL decides to play an exploratory action at iteration t, it can only
transit to one of the following four states: (aa, aa, aa), (aa, aa, ab), (aa, aa, ba) and (aa, aa, bb) while there exists 64 possible
states. When the exploration probability becomes low, ADL risks staying in a limited subset of internal states for a long
time. To overcome this, in our implementation we adopted the following modiﬁed exploration strategy. Instead of deciding
whether to explore or to exploit at every iteration, our ADL agent decides once for p iterations in advance. Thus, if at
iteration t ADL decides to make an exploratory action, it then makes random exploratory actions at each of the iterations
t + 1, t + 2, . . . , t + p − 1. In practice, this considerably improves the learning speed.
4.5. Results
As mentioned above, we tested our algorithm in play versus the other four algorithms and in self-play on a set of games
from GAMUT. First, we examined the case of ADL versus APQ in three adversarial games presented in Fig. 1: “Shapley’s
Game”, “Rock, Paper, Scissors” and “Matching Pennies”. In particular, we observed the evolution of average Bellman error,
which is the absolute difference between two successive updates of Q -values, and the changes in the average reward of
ADL per iteration (Fig. 2). During one repeated game run, the rewards were averaged after each 10,000 iterations. The ﬁnal
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(a)

(b)
Fig. 2. ADL vs. APQ in the adversarial games.

(a)

(b)
Fig. 3. ADL vs. IGA in the adversarial games.

curves represent the data averaged after ten independent runs. One can see that the process exhibits good progress towards
the convergence, as suggested by a progressive reducing of the average Bellman error (Fig. 2a) and a substantial positive
average reward of ADL per iteration (Fig. 2b).
Further, we examined ADL versus IGA in the same three games. ADL showed poorer performance against this opponent,
as is seen from the average reward curves (Fig. 3b) where the converged values are lower than the analogical values obtained
versus APQ. The average Bellman error decreased slower in that case (Fig. 3a). This can be explained by the fact that, unlike
APQ, IGA is capable of playing mixed strategies.
The corresponding curves for FPQ and PHC algorithms are presented in Figs. 4 and 5. Surprisingly, PHC performed well
enough despite its reduced knowledge about the world (recall that PHC does not perceive the opponent’s actions). Similarly
to APQ, playing only pure strategies, FPQ was observed to be more exploitable than PHC and IGA.
Finally, we veriﬁed whether the ADL’s behavior remains rational versus other classes of opponents. In particular, on the
Rock, Paper, Scissors example, we examined ADL’s behavior in self-play and versus the opponents that do not evolve in time
(e.g., follow a certain stationary mixed strategy).
Let Random(x, y , z) denote a player playing a mixed strategy assigning the probabilities of x, y and z to the actions Rock,
Paper and Scissors. Obviously, ADL player has a positive average reward close to zero against the Random(0.33, 0.33, 0.34)
opponent, which plays a strategy close to the NE ( 13 , 13 , 13 ). (In fact, any ADL’s strategy would guarantee it a value close
to zero if its opponent plays a NE.) However, ADL starts performing better as the random player’s strategy becomes more
distant from the equilibrium. In particular, it converged to the average reward of 0.02 against Random(0.3, 0.3, 0.4), to the
average reward of 0.25 against Random(0.25, 0.25, 0.5) and to the average reward of 0.4 versus Random(0.2, 0.2, 0.6). Thus,
an important conclusion is that the ADL’s behavior is rational in this case.
The result of ADL’s play in “Matching Pennies” versus another ADL player with different values of the history-length p,
is presented in Fig. 6. The curve reﬂects the average reward per iteration (after convergence) of player 1, having p 1 = 6, as
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(b)
Fig. 4. ADL vs. FPQ in the adversarial games.

(a)

(b)
Fig. 5. ADL vs. PHC in the adversarial games.

a function of the history-length p 2 of player 2. As expected, when p 1 = p 2 both players have the same utility of a NE, i.e.,
a zero average reward per iteration. In the other cases, the player having a larger value of p performs better.
Another notable observation was made in the matrix games having a Pareto eﬃcient outcome, which is not an equilibrium, such as the example of Prisoner’s Dilemma given in Fig. 1. In such games, ADL in self-play often converges to
an average reward close to the value of a Pareto eﬃcient outcome (Fig. 7). On the contrary, the self-played ALAs always
converge to an average utility of an equilibrium, which can not always be favorable for both players. Furthermore, in the
games in which there are two outcomes, one of which is more favorable for the ﬁrst player while the other one yields in
a symmetrically higher utility for the second player, the average reward obtained by ADL in self-play is often a mean of
these two outcomes. This means that the welfare of both players is maximized. The adaptive learners usually are only able
to converge to either one of these outcomes.
In our comparative analysis, we only presented the dynamics of the learning process for the three adversarial games.
This is due to the fact that to demonstrate the exploitability of ALAs, the adversarial case is the most interesting one.
Indeed, the learning dynamics in most of the other games we programmed were trivial: almost from the beginning, the
curves became straight lines with some minor ﬂuctuations. The minimal of the converged values of average reward of the
row player over all runs for all games are presented in Table 1. The columns “ADL vs. IGA” and “ADL vs. APQ” show the
reward of ADL in play versus these opponents. The “Max Nash” and “Min Nash” columns reﬂect respectively the maximal
and minimal average rewards per iteration, which the row player can gain if a NE is played. Recall that in self-play, ALAs
can only converge to the average utility of a NE.
5. Discussion
In this section, we present a ﬁrst insight into the roots of such a high performance of ADL in the presence of the adaptive
opponents. To do this, for each of the four ALAs, we discuss the possibilities to be exploited by a more reﬁned opponent
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Fig. 6. Average reward of the ADL player 1, having p = 6, playing Matching
Pennies versus the ADL player 2, having p respectively equal to 2, 4, 6, 8
and 10.

Fig. 7. ADL in the repeated Prisoner’s Dilemma self-play.

Table 1
ADL, APQ and IGA players over the games from GAMUT.

Battle of the Sexes
Chicken
Collaboration game
Coordination game
Covariant game
Dispersion game
Grab the Dollar
Hawk and Dove
Majority Voting
Matching Pennies
Minimum Effort
Prisoner’s Dilemma
Rock, Paper, Scissors
Shapley’s game
Traveler’s Dilemma
Two-By-Two game

ADL vs. ADL

Max Nash

Min Nash

ADL vs. APQ

ADL vs. IGA

0.81
0.24
0.97
0.78
0.74
0.97
0.86
0.81
0.97
0.00
0.24
2.87
−0.01
−0.02
0.99
0.98

1.00
1.00
1.00
0.80
1.00
1.00
1.00
−0.22
1.00
0.00
1.00
2.00
0.00
0.00
1.00
1.00

0.67
−0.50
1.00
0.70
0.24
1.00
0.78
−0.22
−1.00
0.00
0.00
2.00
0.00
0.00
−1.00
1.00

0.98
0.98
0.99
0.79
0.96
0.99
0.76
−0.20
0.94
0.90
0.95
2.88
0.36
0.52
−1.00
0.99

0.99
0.99
0.99
0.79
0.99
0.99
0.81
−0.22
0.99
0.50
0.99
2.00
0.18
0.17
−1.00
0.99

on an example of the repeated Matching Pennies (RMP). An example of the RMP game matrix is presented in Fig. 1. In this
game, the set of actions of both players is {Heads, Tails} = {H, T}.
5.1. On the exploitability of FPQ
The easiest way to demonstrate the exploitability of ALAs is to observe the behavior of FPQ in the presence of an
exploiter. For simplicity, assume the discount factor γ of FPQ to be 0. Let suppose that at a certain game iteration t, the
Q -values which FPQ assigns to Heads and Tails are the same and equal to Q . Let suppose that the exploiter executes
the following periodic strategy: H, T, H, T, H, T, . . . . The corresponding Q -values of FPQ (after an update) will be ( Q − 1,
Q + 1), ( Q , Q ), ( Q − 1, Q + 1), ( Q , Q ), ( Q − 1, Q + 1), ( Q , Q ), . . . . The actions executed by FPQ at the corresponding
iterations will be5 (H or T), T, (H or T), T, (H or T), T, . . . . The expected cumulative reward of the exploiter after three
periods is therefore 0 + 1 + 0 + 1 + 0 + 1 = 3. So, when the discount factor of FPQ is 0 and the exploiter executes the above
periodic strategy, the latter has a positive expected average utility of 1/2 per iteration. As we observed in our experiments,
non-zero values of the discount factor make FPQ even more exploitable since higher values of the discount factor result
in an additional inertia in the Q -value updates. For instance, the periodic strategy to which ADL converges in practice has
longer periods of playing the same action. For example, a typical strategy to which ADL with p = 6 converges versus FPQ
with γ = 0.99 is the following: H, H, H, H, H, H, T, T, T, T, T, T, H, H, H, H, H, H, T, T, T, T, T, T, . . . .
Notice that by only observing a recent history of joint actions, the exploiter can distinguish with conﬁdence the situation
when the Q -values of FPQ for both Heads and Tails become the same. If in the current recent history of joint actions the
very recent opponent’s action differs from the previous one, then its Q -values either have become equal (the opponent is

5

Recall that the FPQ’s strategy is a deterministic function of its Q -values.
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(1) Choose an such that 0 <
1.
(2) Play Heads with probability 12 + until the opponent starts playing Tails with probability 1; then play Tails with probability 1 until the opponent’s
strategy approaches a uniform distribution.
(3) Play Tails with probability 12 + until the opponent starts playing Heads with probability 1; then play Heads with probability 1 until the opponent’s
strategy approaches a uniform distribution.
(4) Go to step (2).
Algorithm 2. A procedure to exploit PHC.

randomizing), or one Q -value has just become higher than the other one. Obviously, in all other situations the exploiter has
to play the best response to the observed opponent’s play. This will yield in a non-negative average utility for the exploiter
and will also shift the opponent’s Q -values in the direction of equality. As we observed in our experiments, the ADL’s
Q -learning with a suﬃcient exploration and a suﬃciently large discount factor, permits learning of a successful exploitive
strategy.
5.2. On the exploitability of PHC
PHC players have already been shown to be exploitable by a more informed or a more reﬁned opponent [9,10]. Without
loss of generality, let suppose that ADL is the ﬁrst player. One way to exploit PHC in the RMP is to follow a procedure
similar to the one presented in Algorithm 2. The steps (2) and (3) of the above procedure assume that the PHC player will
eventually change its strategy to deterministically play one action. This is assured by the fact that PHC updates its strategy
so as to increase the probability of playing the action having the highest Q -value. For example, in the step (2), as long
as the exploiter is playing the strategy, in which Heads has a slightly higher probability, the PHC’s Q -value of Tails will
eventually become slightly higher. Then it will adjust its strategy so as to give a higher probability to Tails. The speed with
which PHC approaches a deterministic strategy is constant and depends on the value of the learning rate δ .
To determine whether the opponent follows a deterministic strategy, the exploiter can observe the opponent’s recent
history of play. For instance, if in all joint actions from the recent history the opponent repeats the same action, then the
latter is more likely to be following a (close to) deterministic strategy. The complete recent history (including the actions of
both players) and the Bellman principle would permit the exploiter to choose the right action in every history by implicitly
determining whether the step (2) or (3) of the above procedure is being executed (assuming a suﬃcient exploration and a
high value of the exploiter’s discount factor).
5.3. On the exploitability of the other ALAs
The exploitability of APQ has the same roots as that of FPQ. In fact, the basic Fictitious Play and Adaptive Play algorithms
are very similar. Their only difference that the latter bases its decisions on a history of a limited size while the former–
on the whole interaction history. However, from the standpoint of an exploiter they do not differ. In fact, in practice we
observed that APQ behaves similarly to FPQ in the presence of the exploiter playing the above periodic strategy.
In turn, IGA has the same exploitability property as PHC. Indeed, the satisfaction of conditions of the steps (2) and (3) of
the procedure of Algorithm 2 (eventual convergence of the ALA to a deterministic strategy) is assured by the fact that after
every repeated game play, IGA updates its strategy in the direction of the gradient of its expected utility. This gradient, in
turn, as well as the expected utility, depends on the opponent’s actual strategy. As long as the exploiter follows as prescribed
by the steps (2) or (3) of the above procedure, the IGA’s utility gradient will direct the strategy updates so as to eventually
play either Tails or Heads with probability 1. Recall, that the speed, with which IGA adapts its strategy, remains constant all
along the learning. This speed is completely deﬁned by the value of the step size η .
6. Related work
As it was already said, there have been several successful attempts of exploiting a weak learning agent in repeated
adversarial games. Chang and Kaelbling [9] proposed an approach for exploiting a PHC player. Their PHC-Exploiter algorithm
is capable of estimating the learning rate δ of its PHC adversary. Then, using this estimate, it is capable of computing a
strategy that can “fool” the PHC player in adversarial games by playing in a way similar to the procedure of Algorithm 2.
Tesauro [10] proposed a Q -learning based approach for exploiting weak gradient ascent players. His Hyper- Q agent
learns the Q -values of the pairs (player’s own strategy, opponent’s estimated strategy). This approach was successfully tested
against IGA and PHC in Rock, Paper, Scissors. However, the scalability of Hyper- Q is an important issue because, in general
case, the table of Q -values of Hyper- Q should contain an inﬁnity of elements.
In a recent work, Chakraborty and Sen [21] proposed modeling the learning environments induced by gradient ascent
learners (WoLF-IGA, WoLF-PHC [7] and ReDVaLeR [6]) as MDPs. In the presence of a gradient ascent adversary, the learning
algorithm, called MB-AIM-FSI, ﬁrst creates a set of hypotheses about the model of the learning environment that can be
induced by the learning adversary. Then the algorithm performs a sequence of exploratory actions and collects the observations of its own rewards and the opponent’s actions. Finally, using the maximum likelihood principle, MB-AIM-FSI chooses
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the best model that ﬁts the observed data, and solves its corresponding MDP. This process is iteratively repeated so that the
model is gradually improved.
Powers and Shoham [22,23] proposed heuristically composed algorithms capable of effectively playing repeated games
against the game playing algorithms from a target class of opponents. In short, their algorithms ﬁrst test whether the
opponent player’s algorithm belongs to the target class. If yes, it chooses the best predeﬁned behavior. Otherwise, it either
plays a best response to the observed opponent’s behavior or the minimax strategy.
7. Conclusions
In this paper, we presented an approach to the learning in adaptive dynamics systems. Such a system may be viewed
as a two-player repeated matrix game where the learner’s goal is to maximize its own long-term average utility given that
the other agents (considered as one whole agent) may be following an adaptive learning algorithm (ALA). Our new Adaptive
Dynamics Learner (ADL) algorithm, by interacting with the opponent player, learns the Q -values of its own internal states.
These states are obtained as a concatenation of joint actions played in the recent limited-length history.
We empirically demonstrated that in adversarial games, our algorithm outperforms such ALAs as IGA [4], APQ [3], FPQ [8]
and PHC [7] even if a very short history length is used to form the ADL’s internal states. In repeated Prisoner’s Dilemma
self-play, ADL demonstrates a steady convergence to the average utility of a cooperative outcome. In other non-adversarial
game self-plays, when possible, ADL converges to an average utility maximizing the welfare of both players. In the same
games, ALAs typically converge to a less attractive average utility of a Nash equilibrium.
Finally, on an example of the repeated Matching Pennies, we gave a ﬁrst theoretical insight into the reasons of exploitability of each of the four ALAs. We explained how each algorithm can be exploited by a more reﬁned opponent and
gave several examples of a successful exploitation strategy. Our experiments showed that our ADL algorithm is capable of
learning the strategies that resemble those example strategies.
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