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Abstract

This paper contributes to solve effectively stochastic re-
source allocation problems known to be NP-Complete. To
address this complex resource management problem, the
merging of two approaches is made: The Q-decomposition
model, which coordinates reward separated agents through
an arbitrator, and the Labeled Real-Time Dynamic Pro-
gramming (LRTDP) approaches are adapted in an effective
way. The Q-decomposition permits to reduce the set of
states to consider, whileLRTDP concentrates the planning
on significant states only. As demonstrated by the experi-
ments, combining these two distinct approaches permits to
further reduce the planning time to obtain the optimal solu-
tion of a resource allocation problem.

1 Introduction

This paper aims to contribute to solve complex stochas-
tic resource allocation problems. In general, resource al-
location problems are known to be NP-Complete [6]. In
such problems, a scheduling process suggests the action
(i.e. resources to allocate) to undertake to accomplish cer-
tain tasks, according to the perfectly observable state of the
environment. When executing an action to realize a set of
tasks, the stochastic nature of these actions induces prob-
abilities on the next visited state. The number of states is
the combination of all possible specific states of each task
and available resources. In this case, the number of possi-
ble actions in a state is the combination of each individual
possible resource assignment to the tasks. The very high
number of states and actions in this type of problem makes
it very complex.

Another interesting approach is that of heuristic search
where many algorithms [1] [2] have been developed re-
cently. The idea of heuristic search is to start from the initial
state, and given an admissible heuristic for the value of un-
visited states, a huge part of the state space may be omitted
from the search. Because of its anytime quality, an interest-

ing approach isLRTDP introduced by Bonet and Geffner [1]
which updates states in trajectories from an initial states0

to a goal statesg in a very efficient manner. Then, authors
proposed a labelling procedure to guarantee accelerate the
convergence ofLRTDP.

In this paper, a merging of the Q-decomposition adapted
from Russell and Zimdars [4] with theLRTDP approach
is presented. The original Q-decomposition reinforce-
ment learning coordination process determines the Q-values
which maximize the sum of all combinations of possible
agent Q-value for each visited state. An important assump-
tion of this method is that each agent should have its own
separate reward function. As a consequence, for a resource
allocation problem, there would be an agent for each task to
achieve. The problem is now modelled.

2. Resource Allocation using MDPs

In our problem, the transition function and the reward
function are both known. Thus, a Markov Decision Process
(MDP) framework is used to model our stochastic resource
allocation problem.

An MDP in the context of a resource allocation
problem with limited resources is defined as a tuple
〈Res, Ta, S,A, P,W,R, 〉, where:

• Res = 〈res1, ..., resm〉 is a finite set of resource types
available for a planning process. Each resource type
has a local resource constraintLres on the number that
may be used in a single step, and a global resource con-
straintGres on the number that may be used in total.

• Ta is a finite set of tasks withta ∈ Ta to be accom-
plished.

• S is a finite set of states withs ∈ S. A states is a
tuple〈Ta, 〈res1, ..., resm〉〉, which represents the par-
ticular statesta, which is the characteristic of each un-
accomplished taskta ∈ Ta in the environment, and
the available resources. Also,S contains a non empty



setsg ⊆ S of goal states. A goal state is a sink state
where an agent stays there forever.

• A is a finite set of actions (or assignments). The ac-
tionsa ∈ A(s) applicable in a state are the combina-
tion of all resource assignments that may be executed,
according to the states. In particular,a is simply an
allocation of resources to the current tasks, andata is
the resource allocation to taskta. The possible actions
are limited byLres andGres.

• Transition probabilitiesPa(s′|s) for s ∈ S anda ∈
A(s).

• W = [wta] is the relative weight (criticality) of each
task.

• State rewardsR = [rs] :
∑

ta∈Ta

rsta
← ℜsta

×wta. The

relative reward of the state of a taskrsta
is the product

of a real numberℜsta
by the weight factorwta.

• A discount factorγ, which is a real number between 0
and 1. The discount factor describes the preference of
an agent for current rewards over future rewards.

A solution of anMDP is a policyπ mapping statess into
actionsa ∈ A(s). In particular,πta(s) is the action (i.e. re-
sources to allocate) that should be executed on taskta, con-
sidering the global states. In this case, an optimal policy
is one that maximizes the expected total reward for accom-
plishing all tasks. The optimal value of a stateV (s) is given
by:

V ⋆(s) = R(s) + max
a∈A(s)

γ
∑

s′∈S

Pa(s′|s)V (s′) (1)

where the remaining resources in states′ areRes \ res(a),
whereres(a) is the resources used by actiona. Indeed,
since an actiona is a resource assignment,Res \ res(a)
is the new set of available resources after the execution
of actiona. Furthermore, one may compute the Q-Values
Q(a, s) of each state action pair using the following equa-
tion:

Q(a, s) = R(s) + γ
∑

s′∈S

Pa(s′|s) max
a∈A(s′)

Q(a, s′) (2)

where the optimal value of a state isV ⋆(s) =
max

a∈A(s)
Q(a, s). The policy is subjected to the local resource

constraints{π(s)} ≤ Lres∀ s ∈ S , and∀ res ∈ Res.
and global resource constraint isres(tra) ≤ Gres∀ tra ∈
TRA ,and∀ res ∈ Res whereres(tra) is a function map-
ping the resources used by trajectorytra ∈ TRA. Here,
a system trajectorytra ∈ TRA is a possible sequence of
state-action pairs, until a goal state is reached under the op-
timal policyπ. Since resource allocation in a stochastic en-
vironment is NP-Complete, heuristics should be employed.

Q-decomposition which decomposes a planning problem to
many agents to reduce the computational complexity asso-
ciated to the state and/or action spaces is now introduced.

2.1. Q-decomposition for Resource Alloca-
tion

Russell and Zimdars [4] proposed Q-decomposition in
the context of reinforcement learning. The primary assump-
tion underlying Q-decomposition is that the overall reward
functionR can be additively decomposed into separate re-
wardsRi for each distinct agenti ∈ Ag, where|Ag| is the
number of agents. That is,R =

∑
i∈Ag Ri. It requires

each agent to compute a value, from its perspective, for
every action. To coordinate with each other, each agenti

reports its action valuesQi(ai, si) for each statesi ∈ Si

to an arbitrator at each learning iteration. The arbitrator
then chooses an action maximizing the sum of the agent Q-
values for each global states ∈ S. The next time states is
updated, an agenti considers the value as its respective con-
tribution, or Q-value, to the global maximal Q-value. That
is, Qi(ai, si) is the value of a state such that it maximizes
maxa∈A(s)

∑
i∈Ag Qi(ai, si). The fact that the agents use

a determined Q-value as the value of a state is an extension
of the Sarsa on-policy algorithm [3] to Q-decomposition.
Russell and Zimdars called this approach local Sarsa. In
this way, an ideal compromise can be found for the agents
to reach a global optimum.

2.2. Q-decomposition LRTDP

Bonet and Geffner [1] proposed the optimal Labeled
Real-Time Dynamic ProgrammingLRTDP heuristic search
algorithm. LRTDP is a simple algorithm that involves a se-
quence of trial runs, each starting in the initial states0 and
ending in a goal statesg. EachLRTDP trial is the result of
simulating the policyπ while updating the valuesV (s) us-
ing a Bellman backup (Equation 1) over the statess that are
visited.h(s) is a admissible heuristic which define an initial
value for states. Theǫ convergence on the Bellman error of
LRTDP is accomplished by means of a labelling procedure
calledCHECKSOLVED(s, ǫ).

We now show how to merge efficiently Q-decomposition
andLRTDP to produce an optimal decomposition heuristic
search algorithm. The method is presented in Algorithm 1.
The modifications from the originalLRTDP algorithm are
as follows. The global Q-value of an actiona in a state
s is computed in Lines 9 to 19. In Line 12, each agent
managing a task computes its respective Q-value. An agent
i uses as the value of a possible state transitions′ the Q-
value for this agent which determines the maximal global
Q-value for states′ as in the original Q-decomposition ap-
proach. In brief, for each visited statess ∈ S, each agent



computes its respective Q-values with respect to the global
states. So the state space for an agent is the same as the
state space forLRTDP. The gain in complexity to use Q-
decomposition resides in the

∑
s′

i
∈Si

Pai
(s′i|s, a) part of the

equation. An agent considers as a possible state transition
only the possible states of the task it manages. Since the
number of states is exponential with the number of tasks, us-
ing Q-decomposition should reduce the planning time sig-
nificantly. The number of resources in a possible state tran-
sition s′i is Res \ res(a). Indeed, even if an agenti plans
only for its task with the partai of the global actiona, it has
to consider the resources used by the other agents. The less
the number of resources is available, the less the value of a
state is expected to be, so the global resource consumption
has to be taken into account. Also, the state transitionPai

for an agent considers the global actiona because it is pos-
sible that the action executed on another taskta′ influence
the taskta managed by agenti.

The global Q-value is the sum of the Q-values produced
by each agent managing each task as shown in Line 13.
Lines 15 to 18 simply allocate the current value and pol-
icy with respect to the highest global Q-value. Then, Lines
20 and 21 generate the next state to compute a value. The
notion of arbitrator is integrated within theQ-DEC-LRTDP

algorithm for efficiency reasons. Indeed, since the action
space has to be taken as a whole, the role of the arbitrator
can be incorporated easily within theQ-DEC-LRTDP algo-
rithm.

The behavior ofQ-DEC-LRTDP is now discussed and
we start it by proving the optimality ofQ-DEC-LRTDP.This
proof requires two steps. First of all, the fact that the value
of a state in a given trajectory forQ-DEC-LRTDP is updated
in the same manner as with the originalLRTDP is shown.
Then, the convergence ofQ-DEC-LRTDP is proved.

Lemma 2.1 A state in a trajectory forQ-DEC-LRTDP is
updated in the same manner as forLRTDP.

Proof: The following equation is used inQ-DEC-LRTDP to
compute the value of a state:

V (s) =
∑

i∈Ag

Ri(s) + max
a∈A(s)

γ
∑

s′

i
∈S′

i

Pai
(s′i|s, a)Qi(a

′, s′)

(3)

Since the reward can be additively decomposed for each
task, Equation 3 may be rewritten as:

V (s) = R(s) + max
a∈A(s)

∑

i∈Ag

γ
∑

s′

i
∈S′

i

Pai
(s′i|s, a)Qi(a

′, s′)

(4)

SinceQ(a, s) =
∑

i∈Ag Qi(a, s) when the transition prob-
ability of each task considers the actions performed on other

Algorithm 1 The Q-decompositionLRTDP algorithm.

1: Function Q-DEC-LRTDP(S)
2: returns a value functionV
3: repeat
4: s ← s0

5: visited ← null

6: repeat
7: visited.push(s)
8: V (s) ← 0
9: for all a ∈ A(s) do

10: Q(a, s) ← 0
11: for all i ∈ Ag do
12: Qi(a, s) ← Ri(s)+

γ
∑

s′

i
∈Si

Pai
(s′i|s, a)Qi(a

′, s′)

{whereQi(a
′, s′) = hi(s

′) whens′ is not yet
visited, ands′ hasRes \ res(a) remaining
resources}

13: Q(a, s) ← Q(a, s) + Qi(a, s)
14: end for
15: if Q(a, s) > V (s) then
16: V (s) ← Q(a, s)
17: π(s) ← a

18: end if
19: end for
20: Res ← Res \ {π(s)}
21: s ← s.PICKNEXTSTATE(Res)
22: until s is a goal
23: while visited 6= null do
24: s ← visited.pop()
25: if ¬ CHECKSOLVED(s, ǫ) then
26: break
27: end if
28: end while
29: until s0 is solved

30: return V

tasks, Equation 4 may be rewritten as:

V (s) = R(s) + max
a∈A(s)

γ
∑

s′∈S′

Pa(s′|s)Q(a′, s′) (5)

whereQ(a′, s′) is the maximal Q-value for states′. In-
deed, since the arbitrator determines the maximal Q-value
for a state,Q(a′, s′) = V (s′). Since Equation 5 is the same
as a Bellman backup, andQ(a′, s′) is the same asV (s),
a state in a trajectory forQ-DEC-LRTDP is updated in the
same manner as forLRTDP. ¥

Lemma 2.2 TheQ-DEC-LRTDP algorithm converges.

Proof: It has been proven that the value of a state is updated
similarly as in the centralizedLRTDP algorithm. Also, the



newly visited states′ from the current states is produced
using the global actiona, as for LRTDP. Since the states
have the same value and the state transition has the same
behavior asLRTDP, the convergence properties ofQ-DEC-
LRTDP are the same as the one ofLRTDP. ¥

Theorem 2.1 TheQ-DEC-LRTDP algorithm is optimal.

Proof: With lemma 2.1 and 2.2 being true, the result fol-
lows. Indeed, the initials which is updated optimally, is
guaranteed to converge in the same manner asLRTDP. ¥

3. Discussion and Experiments

The domain of the experiments is a naval platform which
must counter incoming missiles (i.e. tasks) by using its re-
sources (i.e. weapons, movements). For the experiments,
100 randomly resource allocation problems were generated
for each approach, and possible number of tasks. There are
three types of states; firstly, transitional states where noac-
tion is possible to modify the transition probabilities; then,
action states, where actions modify the transition probabil-
ities; finally, there are final states. The state transitionsare
all stochastic because when a missile is in a given state, it
may always transit in many possible states.

For this problem, an admissible heuristic has to be for-
mulated. A simple heuristic has been used where the value
of an unvisited state is assigned as the value of a goal state
such that all tasks are achieved. This way, the value of each
unvisited state is assured of overestimating its real value
since the value of achieving a taskta is the highest the plan-
ner may get forta. No other heuristic has been implemented
since the objective here is only to compareQ-DEC-LRTDP

andLRTDP in the same settings. However, even when using
this simple heuristic, a huge part of the state space is still
not visited when computing the optimal policy.

The optimalQ-DEC-LRTDP and LRTDP approaches are
compared in Figure 1. In terms of experiments, notice that
the LRTDP approach for resource allocation, which is com-
puted on the joint action and state spaces of all agents, is
much more complex. For instance, it takes an average of
3487 seconds to plan for anLRTDP approach with five tasks
(see Figure 1). TheQ-DEC-LRTDP approach solves opti-
mally the same type of problem in an average of6.58 sec-
onds. Indeed, the time reduction is quite significant com-
pared toLRTDP, which demonstrates the efficiency ofQ-
DEC-LRTDP to decompose the state space.

4. Conclusion

The experiments have shown thatQ-DEC-LRTDP pro-
vides a potential solution to solve efficiently stochastic re-
source allocation problems. Indeed, the planning time of
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Figure 1. Computational efficiency of LRTDP

and Q-DEC-LRTDP.

Q-DEC-LRTDP is significantly lower than forLRTDP, as sug-
gested by the theoretical complexities. While the discussion
in this paper has focussed on resource allocation problems,
Q-DEC-LRTDP may be used in any type of problem where
the overall reward function can be additively decomposed
into separate rewards for distinct agents. Indeed, the gen-
eral principle of the original Q-decomposition approach has
to be applicable to justify usingQ-DEC-LRTDP.

An interesting research avenue would be to experiment
Q-decomposition with other heuristic search algorithms
than LRTDP. For instance, the efficiency ofLAO⋆ may be
greatly improved if combined with Q-decomposition.

References

[1] B. Bonet and H. Geffner. LabeledLRTDP approach: Im-
proving the convergence of real-time dynamic programming.
In Proceeding of the 13Th International Conference on Au-
tomated Planning & Scheduling (ICAPS-03), pages 12–21,
Trento, Italy, 2003.

[2] E. A. Hansen and S. Zilberstein.LAO⋆ : A heuristic search al-
gorithm that finds solutions with loops.Artificial Intelligence,
129(1-2):35–62, 2001.

[3] G. A. Rummery and M. Niranjan. On-line Q-
learning using connectionist systems. Technical report
CUED/FINFENG/TR 166, Cambridge University Engineer-
ing Department, 1994.

[4] S. J. Russell and A. Zimdars. Q-decomposition for reinforce-
ment learning agents. InICML, pages 656–663, 2003.

[5] T. Smith and R. Simmons. Focused real-time dynamic pro-
gramming forMDPs: Squeezing more out of a heuristic. In
Proceedings of the National Conference on Artificial Intelli-
gence (AAAI), Boston, USA, 2006.

[6] W. Zhang. Modeling and solving a resource allocation
problem with soft constraint techniques. Technical report:
WUCS-2002-13, Washington University, Saint-Louis, Mis-
souri, 2002.


