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Abstract

We are interested by contributing to stochastic problems of
which the main distinction is that some tasks may create other
tasks. In particular, we present a first approach which represent
the problem by an acyclic graph, and solves each node in a cer-
tain order so as to produce an optimal solution. Then, we detail
a second algorithm, which solves each task separately, using
the first approach, and where an on-line heuristic computes the
global actions to execute when the state of a task changes.

1. Introduction

We are interested in perfectly observable stochastic resource
allocation problems with hard real-time constraints. The re-
sources are allocated to execute a certain number of tasks,
where, in particular, the presence of a task may influence the
presence of other tasks. Furthermore, the states of a task are
strongly connected since all non-absorbing states are always
reachable from each other. However, the tasks are loosely con-
nected.

On the other hand, there is an explosion of the state space in
our type of problem, due to Bellman’s curse of dimensionality
[1]. To alleviate this, many researchers decomposed the state
space to diminish the planning time ([5], [2], [8]). In this paper,
we present two novel decomposition techniques which solve
efficiently the problem when the strongly connected states are
grouped in separate components. These techniques are a spe-
cialization of the Markov Decision Process (MDP) framework,
associated to our problem characteristics. Another originality
of our work is to consider effectively the criticality of each task,
by defining a weight factor. We now formalize the problem.

2. Problem Formulation

We consider a state as a conjunction of tasks to accomplish
by a planning agent. A task corresponds to a work to accom-
plish for the agent. On the other hand, an action correspondsto
use a resource to accomplish a task. An action may change the
probability to execute a particular task, or all tasks. The tasks
may be in many possible states, which are strongly connected.

The states are strongly connected because from a non-absorbing
states in a task, we can transit to any other non-absorbing state
s′ of this task, and go back tos [7]. Furthermore, we have some
tasks which may be created by another task. We consider the
creation of a task as stochastic. A task which may not create an-
other task is considered ascritical. The parent of a critical task,
considered asnon-critical, have to be accomplish, because they
may create a critical task. Also, the planning agent is under
hard real-time constraints to produce an effective policy.The
very high number of states in this type of problem coupled with
the time constraint makes it very complex.

We should note that a resource allocation problem is known
as being NP-complete [9]. The state space consists of the cross
product of each task individual state spaces and the available
resources; the action space is the set of resource assignment.
Meuleau et al. [5] proposed an approach where each task is
solved optimally in an independent manner. The solutions are
merged afterwards with a greedy strategy, thus producing an
approximate solution. On the other hand, Dolgov et al. [2] ex-
tended Meuleau’s works by assigning resources to each task and
then producing the global optimal policy. Another promising
approach is to plan for the resources separately [8]. In particu-
lar, the approaches of all cited authors do not consider the fact
that a task may create other tasks, which is the base of our algo-
rithms. We now introduce Markov Decision Processes (MDPs),
as a modelling tool.

2.1. Markov Decision Processes MDPs

To model our problem, as it is stochastic, we use Markov
Decision Processes (MDPs) [1]. Indeed, MDPs provide a well-
studied and simple, yet a very expressive model of the world.
An MDP for our problem is given by:

• A state spaceS. A states ∈ S, represents a conjunction of
the particular statesti

of each taskti in the environment.
Also, S contains a non empty setG ⊆ S of goal states.

• Actions A(s) ⊆ A applicable in each states ∈ S. The
possible actions are limited byLres andGres, which are
the local and global resource constraints on the amount of
resourcer that may be used on a single step (local), or in
total (global).



• Transition probabilitiesPa(s′|s).

• State rewardsR(s) related to the problem. The reward of
a states is the sum of the product of the state rewardr(sti

)
by the relative weightW (ti) of each task.

A solution of an MDP is a functionπ mapping statess into
actionsa ∈ A(s). Such a function is called apolicy. These
policies are defined to be applicable no matter what state (or
distribution over states) one finds oneself in — action choices
are defined for every possible state. Bellman’sprinciple of op-
timality [1] forms the basis of the stochastic dynamic program-
ming algorithms used to solve an MDP. In particular, the opti-
mal value of a state is the immediate reward for that state add
to the expected value of the next state transition probability, as-
suming that the agent chooses the optimal action. That is, the
value of a stateV (s) is given by:

V (s) = R(s) + max
a∈A(s)

∑

s′∈S

Pa(s′|s)V (s′) (1)

subject to the local and global resource constraints for each state
tasksti

of a states

nbTasks∑

i=1

res(πti
(sti

)) ≤ Lres for all s ∈ S (2)

Stra∑

j=1

nbTasks∑

i=1

res(πti
(sti

)) ≤ Gres (3)

for all system trajectoriestra

Using Bellman’s principle of optimality avoid enumerating
all possible solutions, and is sometimes calledpruning by domi-
nance. The standard dynamic programming algorithms to solve
an MDP arevalue iteration[1] andpolicy iteration[4]. How-
ever, these classical algorithms suffer from the so-calledcurse
of dimensionality[1] : the number of states grows exponentially
with the number of variables that characterize the planningdo-
main. We now describe how we weight the specific importance
to achieve each task in the environment.

2.2. Task Weighting

We have developed an heuristic to weight the importance of
each task. based on the fact that some tasks may create other
tasks. We can represent these dependencies between tasks with
a graph. An important characteristic for the problem we are
interested in, is that the representation of task dependencies in
a graph produces a certain number of acyclic graphs. Note that
an acyclic graph is one that all state transitions always results
in a state that were never previously visited, thus implyinga
partial order on the set of states. Figure 1 represents the acyclic
graphs where two tasks,t1 andt2, are in the environment.t1
may create taskt3, andt2 may create taskt4. So, taskt3 and
t4, which are leafs, may produce dire consequence for the robot
agent. We use Algorithm 1 to define the weight factorW (ti)
representing the relative importance to accomplish each task ti.
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Figure 1. Acyclic graphs of task dependencies.

Algorithm 1 Task weighting.

Function TASK-WEIGHTING(graphDepG)
while DepG 6= null do

Remove fromDepG a taskti, such that no descendent of
ti is in DepG

if ti is a leaf taskthen
W (ti) ← P (Failti|sti

)× CONS(ti)
else

W (ti) ←
nbTasks∑

j=1

P (C(tj)|sti
)×

E(tj |(C(tj)|sti
)) × W (tj)

The DepG graph contains many acyclic graphs, which
nodes (tasks) are affected a weight factor. The tasks are tra-
versed using a backward approach just like in the AO* algo-
rithm [6] for an acyclic graph. For a critical taskti, we de-
fine the weight factorW (ti) as the product of the probability
that the task is failed of being accomplished by the planning
agent, considering its current state (P (Failti

|sti
)), by the con-

sequence it may inflict to the planning agent (CONS(ti)). For a
non-critical (non-leaf) task, the weight is specified according to
the sum of each tasktj , as the product of the probability of cre-
atingj (P (C(tj)|sti

)), by the expected number of created tasks
j (E(tj |(C(tj)|sti

))), and by the weight factor ofj (W (tj)).
The probabilitiesP (C(tj)|sti

) andP (Failti
|sti

) are computed
a priori considering that no action is made using Bayesian in-
ference. Consequently, the weight function overestimatesthe
weight of all tasks, since the probability of creating othertasks
is higher when no action is made, than with an optimal policy.
However, the weight of a task should not change as the com-
puting of a policy is made, because some state value may be
overestimated. Considering this, we have used this approach to
define the probability, which is an approximation. The next sec-
tion describes two decomposition strategies to reduce the plan-
ning complexity.

3. Decomposition Techniques

3.1. Acyclic Decomposition Algorithm

An efficient decomposition technique may regroup together
strongly connected states [5]. In the same sense, it is knownthat
a planning problem which may be represented with an acyclic
graph, instead of a cyclic one, is generally easier to solve [3].
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Figure 2. The acyclic graph of cyclic compo-
nents.

We recall that an acyclic graph is one that all state transitions al-
ways results in a states that were never previously visited,thus
implying a partial order on the set of states. On the other hand,
a cyclic graph may visit certain states more than one time. The
idea we have here is to transform our problem in an abstract
acyclic one, which contains many cyclic components. A com-
ponent corresponds to a group of task, and the graph containsa
component for each possible task combination. Since each task
is strongly connected, the components are cyclic. On the other
hand, the acyclic graph represents the possible task transitions.
One may use [7] linear algorithm for detecting thestrongly-
connected componentsof a directed graph to create the acyclic
graph. Figure 2 shows the acyclic graph when taskt1 (a) or
taskt1 andt2 (b) of Figure 1 are in the environment. All nodes
represent a cyclic component. This graph suppose that a task
may create one other task in maximum. The signification of a
link in Figure 2, means simply a change the tasks the planning
agent has to achieve. Thus, it has a task transition meaning,as
opposed to a task creation in Figure 1. Once the abstract acyclic
graph is formed, we can solve it using a backward approach just
like in the AO* algorithm [6]. Algorithm 2 describes how we
calculate the valueVc of each strongly connected componentc

of an acyclic graphAcG.

Algorithm 2 Acyclic decomposition.

Function ACYCLIC-DEC(graphAcG)
while AcG 6= null do

Remove fromAcG a componentc, such that no descen-
dent ofc is in AcG

Vc ←MDP-ALGO(c)

This algorithm solves each component, using an MDP algo-
rithm (“MDP-ALGO(c)”), from the leaf to the root of the graph.
This way, each component may only transit to a solved compo-
nent, thus each component have to be solved one time. “MDP-
ALGO(c)” may be any algorithm to solve an MDP, such as stan-
dard approaches like value iteration or policy iteration. For ex-

ample, in Figure 2 (b), we can choose to remove whichever oft3
or t4, and solve it using MDP-ALGO(c). Then, if we removed
t3 in the first iteration, we may now removet4, or vice versa.
When botht3 andt4 are removed,t1 andt2 may be removed.
We remove components in this order, until the componentt1, t2
is removed and solved.

Theorem 3.1 The acyclic decomposition algorithm produces
an optimal policy.

Proof: It is known that the AO* algorithm generates an opti-
mal policy of a problem represented by an acyclic graph [6].
However, the nodes in our graph regroups many states (compo-
nent), while in AO*, it is an atomic state. Thus, to prove the
optimality of the acyclic decomposition algorithm, we haveto
determine whether a component exhibits the same characteris-
tics as a state. Since the action of all states in the component is
optimal, we could say that the component, which is an abstract
state, has an abstract optimal action. Thus, the computation of
the optimal action for a state in AO*, may be viewed as the
computation of the optimal abstract action for a component in
our algorithm. It follows that the acyclic decomposition algo-
rithm produces an optimal policy.¥

The planning time is reduced compared to a standard ap-
proach, however, as we can observe on Figure 3 of Section 4,
it still takes about 20 seconds to plan for a problem with three
initial tasks. For our hard real-time problem, we should further
reduce the complexity of the planner. To this event, the next
section introduces an on-line decomposition strategy to further
reduce the planning time; however, at the compromise of pro-
ducing an approximate solution.

3.2. On-line Decomposition Algorithm

A standard dynamic programming, or the previous acyclic
decomposition approach to solve the problem is done off-line.
Indeed, all the computation is made before executing any ac-
tion. Since we need a decision in real-time, we introduce an
on-line approach, in which planning and the execution of ac-
tions are carried out concurrently. This approach is elaborated
based on the acyclic decomposition approach. Indeed, the ap-
proach plans a separate policy for each task in the environment,
using the ACYCLIC-DEC(graphAcG) function. A solution for
one task is produced very quickly using the acyclic algorithm.
We adopt this approach to plan for each task, because each task
are strongly connected, but loosely connected with the other
tasks. Algorithm 3 overviews our decomposition approach.

The first part of the algorithm computes a value function
Vti

for the state space of each taskSti
in the environment us-

ing a standard dynamic programming approach (“ACYCLIC-
DEC(Sti

)”). For example, if one task is in the environment, we
compute the value function for this task only, and all of its po-
tential descendant. When the component value function of each
task is made, we proceed to the on-line phase. In particular,we
determine the global sub-optimal action to execute each time a
task changes. The local and global resource constraints (Lres)
had been verified in the off-line planning of each task. When



Algorithm 3 On-line decomposition.

Function ON-LINE-DEC(State spaceS)
for each taskti do

Vti
← ACYCLIC-DEC(Sti

)
repeat

if the state of a task has changedthen

a(s) ← arg max
a∈A(s)

nbTasks∑
i=1

∑
s′

ti

Pa(s′ti
|sti

)Vti
(s′ti

)

until the scenario is over

computing the global action, we verify the local and global con-
straint for this state only, thus producing an approximative so-
lution. We now detail the results we have obtained using three
algorithm; standard dynamic programming, the acyclic decom-
position as presented by Algorithm 2 of Section 3.1, and the
on-line decomposition as presented by Algorithm 3 of Section
3.2.

4. Empirical results
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Figure 3. Planning time for our problem.

To test the algorithms, we computed a policy with a certain
number of initial tasks which may creates other tasks. From
the results, we can conclude that planning an optimal policy,
using a standard dynamic programming approach (value iter-
ation), for this problem is very complex, as shown on Figure
3. The acyclic decomposition algorithm reduces the planning
time, but it is still too high for our real-time application.So,
this approach is promising, but we should improve it in the fu-
ture. On the other hand, the on-line decomposition algorithm
produces an approximative policy in a very short time.

Table 1 details the percentage of the optimal obtained with
our on-line decomposition planner. We can see that the valueof
the policy decreases when the number of tasks augment. As a
matter of fact, when one threat is present, the policy is optimal,
because it uses the optimal acyclic decomposition algorithm for
the task.

Table 1. The percentage of the optimal obtained
with our on-line decomposition planner.

# of tasks Average cases Worst cases

1 100±0% 100
2 97,64±0, 45% 96,77
3 95,4±0, 71% 94,18

5. Conclusion

We are working on a multi-tasks problem, where the pres-
ence of some tasks is dependent on the presence of others. Such
problem produces an enormous state space. To compute a pol-
icy in a timely manner for this sort of problem, we have de-
composed the state space. In particular, a task is strongly cou-
pled within its own possible states, but weakly coupled withthe
other tasks. In our approach, we estimated the relative impor-
tance of achieving each task using a weight function. We have
solved our resource allocation problem in an effective manner
using our optimal acyclic or approximate on-line decomposi-
tion approaches.

We would like to improve our decomposition algorithms.
For example, computing the solution using the acyclic de-
composition approach where all components are solved using
the on-line decomposition approach, instead of a standard one
seems promising.
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