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Abstract
The traditional Gaussian process (GP) regression is often deteriorated when
the data set is large-scale and/or non-stationary. To address these challenging data properties, we propose a K-Nearest-Neighbor-based Kalman filter for
Gaussian process regression (KNN-KFGP). Firstly, we design a test-inputdriven KNN mechanism to group the training set into a number of small
collections. Secondly, we use the latent function values of these collections
as the unknown states and then construct a novel state space model with
GP prior. Thirdly, we explore Kalman filter on this state space model to
efficiently filter out the latent function values for prediction. As a result,
our KNN-KFGP framework can effectively alleviate the heavy computation
load of GP with recursive Bayesian inference, especially when the data set
is large-scale. Moreover, our KNN mechanism helps each test point to find
its strongly-correlated local training subset, and thus our KNN-KFGP can
model non-stationarity in a flexible manner. Finally, we compare our KNNKFGP to several related works and show its superior performance on a number of synthetic and real-world data sets.
Keywords: Gaussian Process Regression; K-Nearest-Neighbor (KNN);
Kalman Filter; Online Learning; Non-stationarity.
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1. Introduction
Over the past years, Bayesian parametric models have been well-developed
for regression [1, 2]. However, these models are often limited to capture data
flexibility in all realistic details. Hence, Bayesian nonparametric methods
have become popular. In particular, Gaussian Process (GP) [3], a powerful
nonparametric model with an elegant inference framework, has been successfully applied to a number of real-world regression tasks in robotics [4, 5, 6, 7],
geophysics [8, 9], econometrics [10, 11] and so on. However, the performance
of GP is often deteriorated, when the data set is large-scale [12, 13, 14] and/or
exhibits non-stationarity [15, 16, 17].
1.1. GP Variants for Large-scale Data
For large-scale data sets, the computation of GP is expensive O(N 3 ),
where N is the size of training set. To reduce computation, several GP
variants have been proposed and a detailed review can be found in [12, 13, 18].
In this paper, we mainly discuss several related approaches, according to
different mechanisms for computation reduction.
One well-known mechanism is sparse approximation such as sparse pseudoinput Gaussian process (SPGP) [19] and sparse spectrum Gaussian process
(SSGP) [20]. In SPGP, sparsification is achieved by using a small number of
learned pseudo-inputs to parameterize the covariance matrix of training set.
However, its accuracy is often limited, especially when the size of the pseudo
set is getting larger and/or the dimension of the input space is getting higher
[19]. In SSGP, sparsification is achieved by learning a stationary trigonometric Bayesian model. But similar to SPGP, SSGP may trap into overfitting
as optimization is implemented over a large number of model parameters.
Another important mechanism is online-learning GP variants [21, 22, 23]
which process the large-scale training set in a sequential manner to maintain
computation efficiency. A well-known method is the recent Kalman filter
Gaussian process (KFGP) [23]. By taking advantage of the novel connection
between GP and Kalman filter, KFGP reduces computation by correlating
GP of different training subsets in a recursive Bayesian filtering framework.
However, the training subset at each iteration of KFGP is randomly selected,
hence its accuracy is still limited, especially when the data sets exhibit nonstationarity.
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1.2. GP Variants for Non-stationary Data
Many real-world applications in geophysics, biology and robotics often reflect strong non-stationarity [8, 24, 25, 26, 27]. It reflects an input-dependent
smoothness phenomenon, where the correlation between the latent function
values f (x) and f (x0 ) does not only depend on x − x0 , but it is also related
to the locations of inputs x and x0 [3, 16, 25].
The traditional GP often mistakenly interpret it with the stationary assumption. A straightforward method for non-stationarity is to pre-define a
non-stationary covariance function for GP [3, 8], or to warp GP with different
nonlinear functions [28, 25, 29]. However, the performance of this method
is restricted, due to the fact that the pre-defined functions require either
prior knowledge on the specific non-stationarity [3, 25] or computationallyexpensive inference mechanisms for model parameter learning [8, 29].
One popular mechanism for non-stationarity is the local-expert GP approach [24, 30, 31]. A well-known method is called the infinite mixture of
Gaussian process experts (iMGPE) [24], where an input-dependent Dirichlet
process is designed as a gating network for GP expert selection. However,
the hierarchical model structure is difficult to implement in practice [8]. Several practical variants were proposed by constructing a local mixture of GP
experts for large-scale computer vision and robotics applications [30, 31, 32],
but a tradeoff between accuracy and efficiency has to be considered.
1.3. Our Contributions
Inspired by these variants of GP, we propose a novel K-Nearest-Neighborbased Kalman filter for Gaussian process regression (KNN-KFGP) in this
paper, to address both large-scale and non-stationary data properties within
a unified, efficient and accurate Bayesian filtering framework.
Firstly, we design a test-input-driven KNN search mechanism to construct a small training collection for each test. Then, we take advantage
of GP to correlate different KNN-based training collections in a novel state
space model, where the states are the latent function values of these data collections. Next, we perform Kalman filter to infer the latent function values
in an efficient predict-update manner.
Compared to KFGP [23], the non-trivial KNN mechanism in our approach
can successfully discover a strongly-correlated training subset for each test.
Hence, our KNN-KFGP is flexible to capture non-stationarity. Compared
to the local-expert approach [24, 30, 31], our KNN-KFGP is based on an
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efficient Bayesian filtering framework to maintain computation load while
preserving accuracy.
The rest of this paper is organized as follows. In Section 2, we briefly
review GP and how to use it for regression. In Section 3, we explain how to
design our KNN-KFGP framework in detail. In Section 4, we evaluate our
proposed KNN-KFGP on several data sets and show its validity. Finally, we
conclude the paper in Section 5.
2. Review of Gaussian Process
In this section, we first introduce the basics of Gaussian process (GP)
and then explain how to use GP to address the regression task.
2.1. Gaussian Process
A GP is a collection of random variables, any finite number of which
have a joint Gaussian distribution [3]. It has been widely used as a prior
over the latent function, where any finite number of the function values in
this scenario are Gaussian-distributed random variables [1, 2, 3, 33].
Specifically, a GP prior over the latent function f (x) ∈ R is defined as
f (x) ∼ GP(m(x), k(x, x0 )),

(1)

where x, x0 ∈ RDx are any two Dx -dimension input vectors, m(x) and k(x, x0 )
are respectively the mean function and the covariance function [3],
m(x) = E[f (x)],
k(x, x0 ) = E[(f (x) − m(x))(f (x0 ) − m(x0 ))].

(2)
(3)

According to this definition, one can obtain any n latent function values
f (X) = {f (x1 ), · · · , f (xn )} at the input vectors X = {x1 , · · · , xn } are
Gaussian-distributed random variables [3],
f (X) ∼ N (m(X), K(X, X)),

(4)

where the mean vector m(X) is



m(x1 )
m(X) =  · · ·  ,
m(xn )
4

(5)

and the covariance matrix K(X, X) is


k(x1 , x1 ) · · · k(x1 , xn )
···
··· .
K(X, X) =  · · ·
k(xn , x1 ) · · · k(xn , xn )

(6)

2.2. Gaussian Process Regression
After we introduce the basics of GP, we explain how to use the properties
of GP to solve the standard regression task from a Bayesian perspective.
Suppose that we are given a training set with N input (x ∈ RDx ) - output
(y ∈ R) pairs, i.e., (X, y) = {(xi , yi )}N
i=1 . Each output is assumed to be
generated from
y = f (x) + ,
(7)
where the noise  is Gaussian  ∼ N (0, σ 2 ) with variance σ 2 . The goal of
regression is to learn the latent function f (x) with the training set (X, y)
and make prediction for new test inputs X? = {xi? }M
i=1 .
Since parametric approaches restrict the richness of the assumed function
family when solving the regression problem, Bayesian nonparametric methods have recently become more attractive by giving a prior probability to
every possible function [1]. Following this direction, we choose a widely-used
GP prior [3] in this work, f (x) ∼ GP(0, k(x, x0 )), where the mean function
m(x) in Eq. (1) is zero 1 , the covariance function k(x, x0 ) is the squared
exponential covariance function
1

0 T L−2 (x−x0 )

k(x, x0 ) = σf2 e− 2 (x−x )

(8)

where L = diag([l1 · · · ld ]) is the length-scale matrix and σf2 is the amplitude
parameters. For convenience, the noise variance and all the GP hyperparameters are collected into a vector θ = [σ 2 , σf2 , l1 , · · · , ld ]T .
Given the training set (X, y) and test inputs X? , one can take advantage
of GP to address regression in a Bayesian manner. Specifically, the regression
task can be interpreted to learn the predictive distribution over the test
output vector y? and the parameter vector θ,
p(y? , θ|X? , X, y) = p(y? |X? , X, y, θ)p(θ|X, y).

(9)

1
Note that it is straightforward to choose other mean functions to do mathematical
derivations without difficulties.
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Due to the fact that p(θ|X, y) ∝ p(y|X, θ), a popular approach to infer θ is
to minimizing the negative log likelihood with gradient optimization [3]
− log p(y|X, θ)
1
n
1
= yT (K(X, X) + σ 2 I)−1 y + log |K(X, X) + σ 2 I| + log 2π.
2
2
2

(10)

In practice, this approach works well [3] and thus we apply it in this paper.
After θ is learned, we make the prediction for the test input set X? .
Specifically, due to the fact that f (x) ∼ GP(0, k(x, x0 )) and the noise in Eq.
(7) is Gaussian, p(y, f (X? )|X, X? , θ) is jointly Gaussian,


K(X, X) + σ 2 I K(X, X? )
p(y, f (X? )|X, X? , θ) = N (0,
),
(11)
K(X? , X)
K(X? , X? )
where f (X? ) is the vector of latent function values at the test inputs X? .
Then, based on the conditional property of Gaussian distribution, one can
obtain that p(f (X? )|X, y, X? , θ) is also Gaussian with the mean vector µ?
and the covariance matrix Σ? [3]
µ? = K(X? , X)[K(X, X) + σ 2 I]−1 y,

(12)
2

−1

T

Σ? = K(X? , X? ) − K(X? , X)[K(X, X) + σ I] K(X? , X) ,

(13)

where K(X, X) is constructed by Eq. (6), K(X? , X) and K(X? , X? ) are
constructed in the same way. Finally, the predictive distribution of the test
output is also Gaussian, i.e., p(y? |X? , X, y, θ) = N (µ? , Σ? + σ 2 I), due to the
Gaussian noise in Eq. (7).
The computation complexity of GP is mainly governed by the inversion
of covariance matrix of N training pairs (O(N 3 )) [3]. As a result, GP suffers
from an unsatisfactory computation burden in practice, when N is beyond a
few thousand. Furthermore, the performance of the standard GP regression
is often deteriorated, when the data set exhibits non-stationarity [3, 8, 31].
To address these difficulties, we propose a novel KNN-Based Kalman Filter
for GP regression in the following.
3. KNN-Based Kalman Filter for Gaussian Process Regression
In this section, we propose a novel KNN-based Kalman filter for Gaussian
process regression (KNN-KFGP) in order to deal with the large-scale and/or
6

non-stationary data sets in the real world. We firstly apply a test-inputdriven KNN search to construct a small training subset for each test, and
then establish a state space model by correlating different training subsets
using the GP prior. Finally, Kalman filter is performed on our state space
model to infer the latent function values in a recursive Bayesian manner.
3.1. State Space Model: Using GP to Correlate KNN-Based Data Collections
To capture non-stationarity when making prediction at the test inputs
i M
{x? }i=1 , we propose a test-input-driven KNN search mechanism to explore
the strongly-correlated local structure for each test. Concretely, for the test
input xt? , we find its Kt nearest training inputs Xt according to the Euclidian
distance. Then, we use Xt and the corresponding outputs yt as a small
t
t
training collection (Xt , yt ) = {(xi , yi )}K
i=1 for x? .
Next, we take advantage of GP to construct a novel state space model
containing the state and observation equation, to process the large-scale data
set sequentially and thus reduce the computation burden of GP regression.
For clarity, we collect the training and test inputs of the tth data collections
into an input set Xtc = {Xt , xt? }, and denote the latent function values of Xtc
as ftc = f (Xtc ) = {f (Xt ), f (xt? )}. Additionally, we learn the model parameter
vector θ in advance, by minimizing the negative log likelihood (Eq. (10))
with gradient optimization in Subsection 2.2. In this case, we omit θ in the
following derivations without loss of generality.
Since our main task is the regression problem, the states in our state
space model are the latent function values of the KNN-based data collections.
Consequently, the state equation describes a Markovian transition of latent
function values, where we use GP to explore the correlations between the
c
(t − 1)th and tth data collections, i.e., ft−1
and ftc . By assuming f (x) ∼
0
c
c
c
GP(0, k(x, x )), we can obtain that p(ft , ft−1 |Xt−1
, Xtc ) is Gaussian according
to the definition of GP in Subsection 2.1,


c
K(Xtc , Xtc )
K(Xtc , Xt−1
)
c
c
c
c
p(ft , ft−1 |Xt−1 , Xt ) = N (0,
).
(14)
c
c
c
K(Xtc , Xt−1
)T K(Xt−1
, Xt−1
)
c
c
Then, due to the fact that the joint distribution p(ftc , ft−1
|Xt−1
, Xtc ) is Gaussian with the form in Eq. (14), we can obtain the following conditional
distribution which is also Gaussian [3],
c
c
c
p(ftc |ft−1
, Xt−1
, Xtc ) = N (Gt ft−1
, Qt ),
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(15)

with the transition matrix Gt and covariance matrix Qt
c
c
c
Gt = K(Xtc , Xt−1
)K −1 (Xt−1
, Xt−1
),

Qt =

K(Xtc , Xtc )

−

c
c
c
c
K(Xtc , Xt−1
)K −1 (Xt−1
, Xt−1
)K(Xtc , Xt−1
)T .

(16)
(17)

Next, based on Bayesian filtering theory [34], the conditional distribution
in Eq. (15) is equivalent to the following state equation which is a linear
c
transition between ftc and ft−1
with an additive Gaussian noise vtf ,
c
+ vtf , vtf ∼ N (0, Qt ).
ftc = Gt ft−1

(18)

The observation equation describes the relation between the hidden function values and their noisy outputs. It can be directly obtained from Eq. (7),
yt = Ht ftc + vty , vty ∼ N (0, Rt ),

(19)

where Ht = [IKt 0] is an index matrix to make sure Ht ftc = f (Xt ). It is due
to the fact that only the training inputs Xt have the corresponding outputs
yt . Furthermore, the noise vty is from  in (7) with Rt = σ 2 I.
To sum up, our state space model is fully specified by Eq. (18)-(19).
The whole construction is shown in Fig. 1. Next, we take advantage of our
state space model to transform regression into a state estimation problem,
where we perform Kalman Filter to estimate ftc = f (Xtc ) = {f (Xt ), f (xt? )}
in a recursive fashion, by using the training outputs yt of the t-th training
collection (Xt , yt ).
3.2. Bayesian Inference: Kalman Filter
According to Eq. (18)-(19), we can see that our state space model is
linear with additive Gaussian noises. In this case, we propose to perform the
well-known Kalman Filter (KF), which is an optimal solution by maximuma-posteriori (MAP) [35], to infer the latent function values. The Bayesian
inference procedure of KF is based on a predict-update fashion. Due to linear and Gaussian properties in our state space model, all the distributions
involved in KF are Gaussian [35]. Suppose that the (t − 1)th posterior distribution is
c
c
(20)
|y1:t−1 , X1:t−1
) = N (µct−1|t−1 , Σct−1|t−1 ),
p(ft−1
with the mean vector µct−1|t−1 and covariance matrix Σct−1|t−1 .
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f (Xt−1

f (Xtc )

···
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Figure 1: State space model construction by using GP to correlate the KNN-based data
and Xt−1 , xt? and Xt represent the test-input-driven
collections. The arrows between xt−1
?
c
KNN mechanism. f (Xt ) = {f (Xt ), f (xt? )} are the latent function values of Xtc = {Xt , xt? }.
c
c
, Xtc )
, Xt−1
The predict step is to incorporate the state transition p(ftc |ft−1
(directly from Eq. (15)) to predict the tth hidden function values,
c
p(ftc |y1:t−1 , X1:t
)
Z
c
c
c
c
c
= p(ftc |ft−1
, Xt−1
, Xtc )p(ft−1
|y1:t−1 , X1:t−1
)dft−1
Z
c
c
= N (Gt ft−1
, Qt )N (µct−1|t−1 , Σct−1|t−1 )dft−1

=N (Gt µct−1|t−1 , Gt Σct−1|t−1 GTt + Qt ).

(21)

c
) as N (µct|t−1 , Σct|t−1 ), then the predict step is fully
We denote p(ftc |y1:t−1 , X1:t
expressed by

µct|t−1 = Gt µct−1|t−1 ,
Σct|t−1

=

Gt Σct−1|t−1 GTt

(22)
+ Qt .

(23)

The update step is to take advantage of Bayes rule to update the prediction with the tth observed output yt ,
c
p(ftc |y1:t , X1:t
)=

c
p(yt |ftc , Xtc )p(ftc |y1:t−1 , X1:t
)
,
c
p(yt |y1:t−1 , X1:t )

(24)

where the likelihood is Gaussian, p(yt |ftc , Xtc ) = N (Ht ftc , Rt ) which can be
directly obtained from Eq. (19). The prediction distribution is Gaussian,
9

Algorithm 1 Our KNN-KFGP Approach.
1: for t = 1 to M do
2:
Applying KNN-based mechanism to find the training data collection
t
t
(Xt , yt ) = {(xi , yi )}K
i=1 for x?
3:
Computing Gt , Qt , Rt in Eq. (16), (17), (19) for state space model
4:
Performing the predict step of Kalman filter: Eq. (22)-(23)
5:
Performing the update step of Kalman filter: Eq. (26)-(28)
6: end for
c
) = N (µct|t−1 , Σct|t−1 ) in Eq. (22)-(23). Consequentially, the
p(ftc |y1:t−1 , X1:t
marginal distribution is also Gaussian,
c
p(yt |y1:t−1 , X1:t
)
Z
c
= p(yt |ftc , Xtc )p(ftc |y1:t−1 , X1:t
)dftc
Z
= N (Ht ftc , Rt )N (µct|t−1 , Σct|t−1 )dftc

=N (Ht µct|t−1 , Ht Σct|t−1 HtT + Rt ).

(25)

In this case, we put Eq. (19), (21), (25) into (24) and we can obtain that
c
) = N (µct|t , Σct|t ) with the following
the tth posterior is Gaussian, p(ftc |y1:t , X1:t
updates,
Γt = Σct|t−1 HtT (Ht Σct|t−1 HtT + Rt )−1 ,
µct|t
Σct|t

=
=

µct|t−1 + Γt (yt − Ht µct|t−1 ),
Σct|t−1 − Γt Ht Σct|t−1 ,

(26)
(27)
(28)

where Γt is called the Kalman Gain. Finally, one can straightforwardly obtain
the predictive distribution N (µt? , σ?t ) over the latent function value f (xt? ), i.e.,
c
our regression goal, from the joint posterior p(ftc |y1:t , X1:t
) = N (µct|t , Σct|t ).
Specifically, due to ftc = {f (Xt ), f (xt? )}, the mean µt? and variance σ?t for
f (xt? ) is directly from the corresponding element of µct|t and Σct|t .
The whole approach is summarized in Algorithm 1. In our KNN-KFGP,
Kalman Filter is used as a sequential inference tool to recursively estimate
the latent function values at test inputs for regression. Compared to the
complexity of GP (O(N 3 )), the main computation of our KNN-KFGP is
contributed to Kalman filter O(M K 3 ) and KNN search O(M N ) after various precomputations [31], where N is the total size of training set, M is the
10

number of test inputs, K is the maximum value of Kt , and Kt is the size
of training collection for the tth test. Hence, our KNN-KFGP can be more
computationally-efficient than GP, especially when the data set is large-scale.
Moreover, GP is often infeasible to model non-stationarity. On the contrary,
our KNN-KFGP allows each test point to find its strongly-correlated training subset, and it thus is a suitable way to deal with the non-stationary
phenomenon. Next, it is worth mentioning the difference between KFGP
in [23] and our KNN-KFGP. Due to performing Kalman filter, the computation of KFGP in [23] is mainly governed by (O(M K 3 ) that is similar to
our KNN-KFGP. However, the blindly training data selection for each test
in KFGP [23] often deteriorates the estimation performance, especially when
the data set exhibits non-stationarity. In contrast, KNN-based mechanism
of our KNN-KFGP can discover the local data properties for each test and
consequentially improve the inference accuracy.
Finally, to avoid confusion, we further clarify the difference between our
approach and the works [36, 37] in target tracking domain. First of all, our
goal is regression. we propose to establish a sequential model (i.e., state space
model) for GP regression, in order to model large-scale data sets recursively
and thus reduce the computational burden in regression. Hence, the task in
our paper is different from the one in target tracking domain. Furthermore,
because of the difference in the task, the meaning of the states in our paper
is different from the target tracking domain. In our KNN-KFGP approach,
the states at t are the latent function values ftc = f (Xtc ) = {f (Xt ), f (xt? )},
since our problem is regression. On the contrary, the states at t in the target
tracking systems are position, velocity and acceleration of a moving object.
In the next section, we perform our KNN-KFGP on a number of synthetic
and real-world data sets to show that our KNN-KFGP can achieve a superior
performance, compared to the related GP regression approaches.
4. Experiments
In this section, we evaluate our KNN-KFGP on several data sets to show
its validity for regression. We aim to achieve two objectives by using these
experiments. Firstly, if the data sets can be successfully modeled by the
stationary GP, we evaluate whether our KNN-KFGP is a computationallyefficient and accurate approximation of the stationary GP. The pendulum
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and kin-40k data sets2 are used to validate this objective. Secondly, if the
data sets cannot be suitably modeled by the stationary GP, we test whether
our KNN-KFGP is able to deal with non-stationarity. The mobile robot
perception simulation and global land-surface precipitation data sets3 are
chosen for this objective.
As mentioned, we focus on regression. For each data set, we are given
a training set and a test set. The input-output data pairs in the training
set are used to train our KNN-KFGP model. The input-output data pairs
in the test set are used to evaluate the prediction performance. Specifically,
the predictive accuracy is evaluated by the test Standardized Mean Square
Error (SMSE)
M
1 X (y?t − µt? )2
,
M t=1 variance(y? )

and the test Mean Negative Log Probability (MNLP)

M 
1 X (y?t − µt? )2
t 2
2
+ log[(σ? ) + σ ] + log 2π ,
M t=1 (σ?t )2 + σ 2
where the predictive mean µt? and variance σ?t for the latent value f (xt? ) in
the test set are from Eq. (27) and (28), σ 2 is the learned noise variance,
y? = {y?t }M
t=1 are the ground truth test outputs which are only used for
accuracy evaluation (Note that, they are not used in the training procedure).
Finally, the computational efficiency is evaluated by Running Time (RT).
4.1. The Pendulum Data
The first data set is a realistic simulation of a mechanical pendulum.
There are 315 training and 315 test input-output pairs in this data set. Both
the training and test sets are randomly-ordered. In each pair, the input is a
9-dimensional pendulum parameter vector, and its corresponding output is
an angular velocity of the pendulum.
In this experiment, we compare our KNN-KFGP to GP and its efficient variants including Kalman Filter Gaussian Process (KFGP) [23], Sparse
2
3

The pendulum and kin-40k data set are available at: http://www.tsc.uc3m.es/ miguel
The precipitation data set is available at: http://www2.cgd.ucar.edu
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Figure 2: Prediction Performance for Pendulum Data

Pseudo-input Gaussian Process (SPGP) [19], Sparse Spectrum Gaussian Process (SSGP) [20]. We report the prediction performance as a function of K
in Figure 2, where K respectively represents the size of training collection
for each test point in KFGP and KNN-KFGP, the size of pseudo-input set
for each test point in SPGP, the number of the basis function pairs for each
test point in SSGP. Moreover, we learn the model parameters using gradient
optimization with the full training set. For each K, we run all the methods
three times and calculate the average SMSE, MNLP and RT (seconds).
Since the prediction for each test point in the stationary GP is made
with the whole training set, we use this result as the base line. We find that
the stationary GP successfully captures data flexibility with the best SMSE
and MNLP. However, the tradeoff is the highest computation load. On the
contrary, SSGP is more computationally efficient than stationary GP. The
SMSE of SSGP is also good when K is small. But its MNLP becomes poorly
deteriorated as K increases. The reason is that SSGP falls into the overfitting
trap [20]. Compared to SSGP, SPGP is more acceptable for this data set.
Additionally, the accuracy of KFGP is slightly better than SPGP, but the
computation load is higher than SPGP.
Hence, there is a tradeoff between computation load and accuracy for all
the methods above. It is worth mentioning that the pendulum data is small,
so all the methods are competitively fast. However, in terms of accuracy,
our KNN-KFGP is the most suitable choice among all the approximate GP
approaches. In the following, we further evaluate all the methods on a large
data set to show that our KNN-KFGP outperforms other methods in terms
of tradeoff between accuracy and computational efficiency.
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Figure 3: Prediction Performance for Kin-40k Data

4.2. The Kin-40k Data
The second data set is a realistic simulation of a robot arm. The randomlyordered training (10000 instances) and test (30000 instances) set are massive.
In each instance, the input is a 8-dimension parameter vector and the output is scalar. In Figure 3, we show the prediction performance for all the
methods (stationary GP, SPGP, SSGP, KFGP and our KNN-KFGP) as a
function of K. The notation of K is the same as the pendulum experiment.
Because this data set is massive, we learn the model parameters using gradient optimization with a randomly selected training subset including 1000
points. For each K, we run all the methods three times and calculate the
average SMSE, MNLP and RT(seconds).
The stationary GP makes prediction for each test point with the whole
training set, so its accuracy (SMSE and MNLP) is the best among these
approaches. However, the computation burden is unsatisfactorily high. In
contrast, KFGP is computationally-efficient while its accuracy is poor. Furthermore, the computation load of SPGP, SSGP, our KNN-KFGP is similar
and much better than the stationary GP. But the best accuracy among all
the approximation methods is obtained by our KNN-KFGP. Hence, compared to other approximate GPs, our KNN-KFGP is a more accurate and
efficient approach for large data sets.
4.3. Mobile Robot Perception
Environment perception is a fundamental task for mobile robot systems
[16]. For a mobile robot, it is essential to correctly interpret the sensor information in the non-stationary environment to find its precise location. Here
we consider a perception task to evaluate how well our KNN-KFGP can deal
with non-stationarity. Concretely, a mobile robot is assumed to be located at
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Figure 4: Mobile Robot Perception. A mobile robot (black ellipse at (0,0)) uses its range
sensors (four black dashed lines) to obtain distance measurements (black crosses) for obstacle (grey squares) detection. The prediction mean for all the methods are represented
by black dots. The 95% confidence interval for KFGP are represented by grey dotted line,
for other methods it is represented by grey dots.

(0, 0) with π/2 heading. To find an exit, it uses its range sensors for obstacle
detection. We simulate 200 training points where the input is a bearing angle
in [0, π] and the output is the corresponding distance measurement. The test
inputs are from 0 to π with an interval π/180. The observations at different
sides of the exit show the discontinuity of the measured data, which is a case
of spatial non-stationarity.
In this experiment, we compare our KNN-KFGP to the stationary GP,
KFGP and local GP (LGP) [31] which is a related work using local GP experts to capture non-stationarity. The notation of K in KFGP and our KNNKFGP is the same as the first two experiments. In LGP, K is the number of
local GP experts. We learn the model parameters using gradient optimization with the full training set, then run all the methods three times from
K = 1 to 5. We find that our KNN-KFGP shows the best performance when
K = 2, KFGP and LGP represents the best performance when K = 5. It indicates that the accuracy of our KNN-KFGP is not monotonically increasing
in the non-stationary cases when K is increasing. The underlying reason is
that, if the K is too large, some disturbed or even wrongly-correlated training
points will be selected for each test point. That is also why the stationary
GP cannot correctly model non-stationarity. Hence, in our experiment, we
choose the best K for all the related approaches.
The results of all the methods are illustrated in Figure 4 and Table 1. In
Figure 4(a), the standard GP mistakenly predicts that there is no exit, even
though the robot has detected the data on both sides of the exit. In Figure
15

4(b), KFGP fails to make prediction since the randomly-selected training
points in this case are disturbed. In Figure 4(c), LGP correctly finds the
exit, but the uncertainty at the exit is high. In Figure 4(d), our KNNKFGP successfully models the exit since the training subset for each test is
strongly-correlated to that test. Finally, Table 1 also shows that the random
training data selection in KFGP leads to its low accuracy. In order to improve
the accuracy, KFGP has to use more training data for each test. In this
case, its performance is prone to the stationary GP which is also poor for
non-stationarity. LGP and our KNN-KFGP are suitable approaches for nonstationarity modeling, but our KNN-KFGP has a higher accuracy than LGP.
4.4. Global Land-Surface Precipitation
In practice, the environmental data sets usually exhibit non-stationarity
[8]. Hence, we choose a global land-surface precipitation (January 2010)
data set to evaluate if our KNN-KFGP can handle non-stationarity. There
are 3306 points in the training set. For each point, the input is the location
and the output is the precipitation value. The test set is based on a regular
grid with a spatial resolution of 2.5o × 2.5o latitude by longitude. As before,
we compare our KNN-KFGP to the stationary GP, KFGP and LGP. The
notation of K is the same as the robot perception experiment. We train
the model parameters using gradient optimization with a randomly selected
training subset including 1000 points, then run all the methods three times
from K = 1 to 10. Our KNN-KFGP shows the best performance when
K = 5, KFGP and LGP represents the best performance when K = 10. For
all the methods, we show the results with the best K. In Figure 5, the prediction of KFGP almost fails due to the random training set selection. In contrast, our KNN-KFGP flexibly learns the land-surface precipitation model.
The underlying reason is that each test point is learned with its stronglycorrelated training set and the predict-update KF mechanism preserves the
accuracy. From Table 2, it is also shown that LGP and our KNN-KFGP
are suitable approaches for this non-stationarity, but our KNN-KFGP has a
better accuracy than LGP. Finally, it is worth mentioning that RT of our
KNN-KFGP is 475s which is much more efficient than GP (15374s).
5. Conclusion
In this paper, we propose a novel KNN-based Kalman filter for GP regression (KNN-KFGP). We firstly design a test-input-driven KNN mechanism to
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Figure 5: Global Land-Surface Precipitation. The contour in all three subplots represents
the level of precipitation value. When the contours are concentrated, the precipitation
value is high. Otherwise, the precipitation value is low. The subplots of KFGP and
KNN-KFGP show the predicted mean of the global land-surface precipitation.

Accuracy Evaluation
GP
LGP
KFGP
KNN-KFGP

SMSE MNLP
0.0130 -2.1775
0.0093 -2.3216
0.2218 0.0791
0.0057 -2.5060

Table 1: Accuracy Evaluation for Robot Perception Data.

construct a strongly-correlated training collection for each test. Then we take
advantage of GP to establish a novel state space model, where the states are
the latent function values of KNN-based data collections. Next, we propose
to perform Kalman filter to infer the latent function values in a predictupdate manner. As a result, Our KNN-KFGP can preserve computation
efficiency due to the recursive Bayesian inference framework of Kalman filter. Meanwhile, our KNN-KFGP can capture non-stationarity, as our KNN
mechanism provides each test with its strongly-correlated training set. Our
experimental results show that our KNN-KFGP often achieves a superior
performance in terms of accuracy and efficiency, compared with a number of
related works. In the future, it would be interesting to explore an adaptive
manner to learn K for each test to further improve model flexibility. We can
also explore how to extend our approach with incremental local Gaussian
Regression [38] in combination with an efficient sparsification [39].
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Accuracy Evaluation
GP
LGP
KFGP
KNN-KFGP

SMSE MNLP
0.0128 7.6863
0.0036 7.5979
1.2582 12.1196
0.0027 7.1255

Table 2: Accuracy Evaluation for Land Precipitation Data.
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