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Abstract The partially observable Markov decision pro-
cess (POMDP) framework has been applied in dialogue sys-
tems as a formal framework to represent uncertainty explic-
itly while being robust to noise. In this context, estimating the
dialogue POMDP model components (states, observations,
and reward) is a significant challenge as they have a direct
impact on the optimized dialogue POMDP policy. Learning
states and observations sustaining a POMDP have been both
covered in the first part (Part I), whereas this part (Part II)
covers learning the reward function, that is required by the
POMDP. To this end, we propose two specific algorithms
based on inverse reinforcement learning (IRL). The first
is called POMDP-IRL-BT (BT for belief transition) and it
approximates a belief transition model, similar to the Markov
decision process transition models. The second is a point-
based POMDP-IRL algorithm, denoted by PB-POMDP-IRL
(PB for point-based), that approximates the value of the new
beliefs, which occurs in the computation of the policy values,
using a linear approximation of expert beliefs. Ultimately, we
apply the two algorithms on healthcare dialogue management
in order to learn a dialogue POMDP from dialogues collected
by SmartWheeler (an intelligent wheelchair).
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1 Introduction

As stated in Part I, in intention-based dialogue domains, per-
forming the best action in each dialogue state is a challenging
task due to the uncertainty introduced by automatic speech
recognition (ASR) errors and natural language understand-
ing (NLU) problems as well as the stochastic environment
made by user behavior change. In stochastic domains where
the decision making is sequential and the state is partially
observable, the suitable formal framework is the partially
observable Markov decision process (POMDP). This frame-
work has been extensively used to model the uncertainty of
SDSs (spoken dialogue systems) (Roy et al. 2000; Zhang
et al. 2001a, b; Williams and Young 2007; Thomson 2009;
Gašić 2011; Pinault and Lefèvre 2011).

In POMDPs, the agent does not know in which state it is,
since the state is partially observable. In consequence, it must
maintain a probability distribution, known as the belief state,
b(s), over all the possible states s. At each time, the agent
has some belief state b(s); it then takes an action a while
observing o causing thus the environment to change from
state s to state s′. In these conditions, b(s) should take in
consideration the new observation o and the transition from
s to s′ and be updated into b(s′) (more detail in the back-
ground section below). Solving a POMDP aims to maximize
the expected discounted rewards over an infinite horizon and
this is equivalent to find the optimal policy π∗ where π is
the agent’s policy and it specifies an action a = π(b) for
any belief b. Solving a POMDP is also called model-based
reinforcement learning (RL).

Estimating the POMDP model components, such as states,
observations and reward function is a significant issue; as
the POMDP model has direct impact on the POMDP pol-
icy and consequently on the applicability of the POMDP in
the domain of interest. In this context, the Spoken Dialogue
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System (SDS) researchers in both academia and indus-
try have addressed several practical challenges of applying
POMDPs to SDS (Roy et al. 2000; Williams 2006; Paek and
Pieraccini 2008). In particular, learning the SDS dynamics
ideally from the available unannotated and noisy dialogues
is a challenge for researchers.

Solving a POMDP, i.e., model-based RL, works by opti-
mizing a defined reward function in the (PO)MDP frame-
work. To do that, choice of the reward function has been
usually hand-crafted based on the domain expert intuition.
In some cases however, it is more convenient for the expert
to demonstrate the policy. When the expert demonstrates
the policy and the reward can be approximated from this
policy, the method is called inverse reinforcement learning
(IRL). IRL started with an environment completely observ-
able, using Markov decision process (MDP). For this type of
environment, Ng and Russell (2000) proposed multiple IRL
algorithms that work by maximizing the sum of the mar-
gin between the policy of the expert and the intermediate
candidate policies. These algorithms account for the case in
which the expert’s policy is represented explicitly and the case
where the expert’s policy is known only through observed
expert’s trajectories. Then, these IRL algorithms have been
extended to POMDP.

IRL in POMDPs, in short POMDP-IRL, is particu-
larly challenging due to the difficulty in solving POMDPs.
Recently, Choi and Kim (2011) proposed POMDP-IRL algo-
rithms by extending MDP-IRL algorithms of Ng and Russell
(2000) to POMDPs. In particular, Choi and Kim (2011) pro-
vided a general framework for POMDP-IRL by modeling
the expert’s policy as a finite state controller (FSC) and thus
using point-based policy iteration (PBPI) (Ji et al. 2007) as
POMDP solver. The trajectory-based algorithms proposed by
Choi and Kim (2011) also required the FSC-based POMDP
solvers (PBPI). Since such algorithms spent most of the time
solving the intermediate policies, they suggested modifying
them to be able to use other solvers such as point-based value
iteration (PBVI) ones.

In this paper, we extend the trajectory-based MDP-IRL
algorithm of Ng and Russell (2000) to POMDPs. Figure 1
shows the cycle of interaction between an agent and its par-
tially observable environment. In this figure, circles represent
learned models. The model denoted by POMDP includes the
POMDP model components (states and observations) which
have been learned from Part I (Chinaei and Chaib-draa 2014).
The learned POMDP together with action/observation trajec-
tories are used in IRL to learn the reward function, denoted
by R. Then, the learned POMDP and reward function are
used in a POMDP solver to learn/update the optimal policy.
In our IRL algorithms, we assume that the model components
are known, similar to (Ng and Russell 2000; Choi and Kim
2011). Fortunately, in dialogue management, the transition
and observation models can be calculated from Wizard-of-Oz

data (Choi and Kim 2011) or a real system data, as mentioned
in Part I (Chinaei and Chaib-draa 2014). In particular, we pro-
posed in Part I, methods for learning such components from
data and showed the illustrative example of learning the dia-
logue POMDP model components from SACTI-1 dialogues,
collected in a Wizard-of-Oz setting (Williams and Young
2005). Then, the learned dialogue POMDP model together
with expert’s trajectories can be used in IRL algorithms to
learn a reward function for the expert’s policy and that’s what
we are proposing in this second part (Part II).

The rest of the paper is organized as follows. We describe
the necessary background relative to MDP-IRL in Sect. 3. In
Sect. 4, we cover our POMDP-IRL methods : POMDP-IRL-
BT (BT for belief transition) and PB-POMDP-IRL (PB for
point-based). Then in Sect. 5, we see how our two methods
perform on real dialogues collected by SmartWheeler (an
intelligent wheelchair). We first revisit the same POMDP
background as Part I, so that we can make this second part
self-contained.

2 Background

Since a POMDP is an extension of Markov decision process
(MDP) to partial observability, let’s start by a brief back-
ground on MDP. An MDP is defined as (S, A, T, γ, R, s0)

where, S is the set of discrete states, and A is the set of dis-
crete actions. In addition, the transition model T consists of
the probabilities of state transitions (dynamics of the sys-
tem): T (s, a, s′) = Pr(st+1 = s′|at = a, st = s) where s
is the current state and s′ is the next state. Furthermore, the
reward function is R(s, a) that specifies the reward of taking
action a in the state s. Then γ is a number between 0 and
1 that discounts the future reward. Finally, the initial state is
denoted by s0.

In an MDP, a policy π maps each state s to an action a,
i.e., a = π(s) and the objective is to find an optimal policy
π∗, where for any state s, π∗ specifies an action a = π∗(s)
that maximizes the expected value of future rewards starting
from state s:

V π (s) = Est ∼T

[ ∞∑
t=0

γ t R(st , π(st ))|π, s0 = s

]
(1)

The expected value of the reward can be computed recur-
sively by Bellman equation defined as:

V π (s) =
[

R(s, π(s)) + γ
∑
s′∈S

T (s, π(s), s′)V π (s′)
]

(2)

A POMDP is a more generalized AI model for plan-
ning under uncertainty. The POMDP framework considers
that the states are only partially observable through some
observations. Thus, a POMDP is represented as a tuple
(S, A, T, γ, R, O,Ω, b0}. That is, a POMDP model includes
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Fig. 1 The cycle
acting/learning between the
agent and environment. The
circles represent the models.
The model denoted by POMDP
includes the POMDP model
components, without a reward
function, learned from Part
I (Chinaei and Chaib-draa
2014). The learned POMDP
model together with
action/observation trajectories
are used in IRL to learn the
reward function denoted by R.
The learned POMDP and reward
function are used in the POMDP
solver to learn/update the policy

an MDP model and adds O , the set of observations, Ω is the
observation model defined as Ω(a, s′, o′) = Pr(o′|a, s′) for
the probability of observing o′ after taking the action a which
results in the state s′. Finally, the initial belief over all states
is denoted by b0.

The primary difference between POMDPs and MDPs is
that, where an MDP has a particular current state, a POMDP
(theoretically) maintains a probability distribution over all
possible states. This distribution is called a belief state as
stated previously. Given a belief state b, b(s) is the prob-
ability assigned to a particular state s. After an action a is
taken and observation o′ is received, a new belief state, b′,
can be computed. This is done by using a state estimator
function (SE(b, a, o′)) to calculate the probability of a new
state s′, b′(s′) :

b′(s′) = SE(b, a, o′) = Pr(s′|b, a, o′)
= ηΩ(a, s′, o′)

∑
s∈S

b(s)T (s, a, s′) (3)

where η is the normalization factor.
Note that an important property of the belief state is that

it is a sufficient statistic. In other words, the belief state at
time t, bt , summarizes the initial belief b0, as well as all
the actions taken and all the observations received. Formally,
we have: bt (s) = Pr(s|b0, a0, o0, . . . , at−1, ot−1).

In the POMDP framework, policy selects an action a for a
belief state b(s), i.e., a = π(b(s)). In this case, the objective
in a POMDP aims to find an optimal policy π∗, where for
any belief state b, π∗ specifies an action a = π∗(b) that
maximizes the expected discount of future rewards starting
from belief b0:

V π (b) = Ebt ∼SE

[ ∞∑
t=0

γ t R(bt , π(bt ))|π, b0 = b

]
, (4)

where

R(b, a) =
∑
s∈S

b(s)R(s, a) (5)

Then, we have π∗(b) = arg maxπ V π (b) that is the optimal
policy. The expected value of the reward can be computed
recursively using Bellman equation for V π .
[

V π (b) = R(b, π(b)) + γ
∑
o′∈O

Pr(o′|b, π(b))V π (b′)
]

(6)

3 Inverse reinforcement learning in the MDP
framework (MDP-IRL)

In IRL, given an expert’s policy and an underlying MDP, the
problem is to learn a reward function that makes the expert’s
policy optimal. That is, given the expert’s policy, approxi-
mate a reward function for the MDP such that the optimal
policy of the MDP fits the expert’s policy. In fact, IRL is an
ill-posed problem. That is, there is not a single reward func-
tion that makes expert’s policy optimal, but infinitely many
of them. Since there are many reward functions that makes
the expert’s policy optimal, one approach is based on linear
programming to find one of the possible solutions. The lin-
ear program constraints the set of possible reward functions
where the rewards are represented as a linear representation
of dialogue features, and finds a solution among the limited
set of solutions.

In this section, we first describe IRL for MDPs (MDP-
IRL) using expert trajectories, represented as (s0, πE (s0),

. . . , s|S|−1, πE (s|S|−1)). To begin let us first recall that in
MDP, a policy π maps each state s to an action a, i.e.,
a = π(s) and the objective is to find an optimal policy π∗,
where for any state s, π∗ specifies an action a = π∗(s) that
maximizes the expected value of future rewards starting from
state s:

V π (s) = Est ∼T

[ ∞∑
t=0

γ t R(st , π(st ))|π, s0 = s

]
(7)
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The expected value of the reward can be computed recur-
sively by Bellman equation defined in Eq. (2).

Now let us introduce the following definitions:

– an expert reward function, denoted by RπE , is an unknown
reward function for which the optimal policy is the
expert policy:

– the expert’s policy, denoted by πE , is a policy of
the underlying MDP that optimizes the expert reward
function RπE ,

– the value of the expert’s policy, denoted by V πE , is
the value of the underlying MDP in which the reward
function is the expert reward function RπE .

– a candidate reward function, denoted by R, is a reward
function that could potentially be the expert reward model.
We have the following definitions:

– the candidate policy, denoted by π , is a policy of the
underlying MDP that optimizes the candidate reward
function R,

– the value of the candidate policy, denoted by V π , is
the value of the candidate policy π that optimizes the
candidate reward R.

Then, IRL aims to find a reward function in which the
expert’s policy is both optimal and maximally separated from
other policies. To do this, some candidate reward functions
and their subsequent policies are generated from the expert’s
behavior. The candidate reward function is approximated by
maximizing the value of the expert’s policy with respect to
all candidate policies. The new candidate reward function
and policy are then used to approximate another new set of
models. This process iterates until the difference in values
of successive candidate policies is less than a threshold. The
final candidate reward function is the solution to the IRL task.

Formally, we formulate the IRL problem as an MDP with-
out a reward function, denoted by M D P\R = {S, A, Ta, γ }.
Having t candidate policies π1, . . . , πt , the next candidate
reward is estimated by maximizing d t , the sum of the margins
between value of expert’s policy and each learned candidate
policy. This is represented by an objective function which is
as follows:

maximize d t = (vπE − vπ1) + · · · + (vπE − vπt ) (8)

where vπ is the vector representation for value function:
vπ = (vπ (s0), . . . , v

π (s|S|−1)), and vπ (si ) is the value of
state si under policy π , which can be drawn from Eq. (2).
That is, we have:

vπ = rπ + γ Tπvπ (9)

where vπ is a vector of size |S| in which vπ (s) = V π (s),
rπ is a vector of size |S| in which rπ (s) = R(s, π(s)), Tπ

is the transition matrix for policy π , that is a matrix of size
|S| × |S| in which Tπ (s, s′) = T (s, π(s), s′).

Notice that in IRL it is assumed that the reward of any
state s can be represented as the linear combination of some
features of state s, such as a feature vector defined as:
φ = (φ1(s, a), . . . , φK (s, a)) where K is the number of fea-
tures and each feature φi (s, a) is a basis function for the
reward function. Then the reward function can be shown as
the multiplication of two vectors Φπ and α as:

rπ = Φπα (10)

where α = (α1, . . . , αK ) are feature weights, and Φπ is a
matrix of size |S| × K consisting of state action features for
policy π and defined as:

Φπ =
⎛
⎝ φ(s0, π(s0))

T

. . .

φ(s|S|−1, π(s|S|−1))
T

⎞
⎠

For the expert’s policy πE , the state action features become:

ΦπE =
⎛
⎝ φ(s0, πE (s0))

T

. . .

φ(s|S|−1, πE (s|S|−1))
T

⎞
⎠

We can now manipulate Eq. (9):

vπ = rπ + γ Tπvπ

vπ − γ Tπvπ = rπ

(I − γ Tπ )vπ = rπ

vπ = (I − γ Tπ )−1rπ

Therefore, from the last equality we have:

vπ = (I − γ Tπ )−1rπ (11)

Using Eq. (10) in Eq. (11), we have:

vπ = (I − γ Tπ )−1Φπα = xπα (12)

where xπ is a matrix of size |S| × K defined as:

xπ = (I − γ Tπ )−1Φπ (13)

Equation (12) shows that the vector of values vπ can be rep-
resented as multiplication of the vector of feature weights α

and another vector xπ defined by Eq. (13).
Similar to Eq. (12), for the expert’s policy πE , we have:

vπE = xπE α (14)

where xπE is a matrix of size |S| × K defined as:

xπE = (I − γ TπE )−1ΦπE (15)

and TπE is a |S| × |S| matrix where element TπE (si , s j )

is the probability of transition from si to s j with expert
action πE (si ).

Therefore, both a candidate reward function and its subse-
quent candidate policy can be represented as multiplication
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of features and the feature weights α [see Eqs. (10) and (12)].
This enables us to solve Eq. (8) as a linear program. Using
Eq. (12) and Eq. (14) in Eq. (8), we have:

maxα

[(
(xπE − xπ1) + · · · + (xπE − xπt )

)
α

]

subject to − 1 ≤ αi ≤ +1 ∀i, 1 ≤ i ≤ K (16)

Having t candidate policies π1, . . . , πt , IRL estimates the
next candidate reward by solving the above linear program.
That is, IRL learns a new α which represents a new candidate
reward function, r = ΦπE α. This new candidate reward has
an “optimal policy” which is the new candidate policy π .

Algorithm 1 shows the MDP-IRL algorithm introduced
by Ng and Russell (2000). This algorithm tries to find the
expert reward function given an underlying MDP framework.
The idea of this algorithm is that the value of expert’s policy
is required to be higher than the value of any other policy
under the same MDP framework. This is reflected by the
maximization in line 7 of the algorithm where vπE = xπE α

and vπl = xπl α are the value of expert’s policy and the
value of candidate policy πl , respectively. Notice that this
algorithm maximizes the sum of the margins between the
value of expert’s policy πE and the value of other candidate
policies πl , and this is reflected in line 7.

The algorithm starts by randomly initiating values for α

to generate the initial candidate reward function R1 in line 1.
Then, using dynamic programming for the MDP with the
candidate reward function R1, the algorithm finds policy of
R1, denoted by π1 in line 2. In line 3, π1 is used to construct
Tπ1 which is used to calculate xπ1 from Eq. (13). Then, in
line 4, expert’s policy πE is used to construct TπE which is
used to calculate xπE from Eq. (15).

From line 5 to line 16, MDP-IRL goes through the iter-
ations to learn expert reward function by solving the linear
program in line 7 with the constraints in line 8. For instance,
in the first iteration of MDP-IRL, using the linear program-
ming above, the algorithm finds α which maximizes Eq. (16).
In line 9, the learned vector values, α, make a candidate
reward function R2 which introduces a candidate policy π2

in line 14. Then, in line 15, Tπ2 is constructed for finding
xπ2 from Eq. (13). The algorithm returns to line 5 to repeat
the process of learning a new candidate reward until conver-
gence. In this optimization, we also constrain the value of
the experts’s policy to be greater than that of other policies
in order to ensure that the expert’s policy is optimal.

Note that in Ng and Russell (2000) there is a slight differ-
ent algorithm for when expert’s policy is available in expert
trajectories. The objective function for learning the reward
function of expert maximizes sum of the margin between
value of expert’s policy and that of other policies using a
monotonic function f . That is, the objective function in
Ng and Russell (2000) is as follows:

Algorithm 1: MDP-IRL: inverse reinforcement learning
in the MDP framework, adapted from Ng and Russell
(2000)

Input: M D P\R = {S, A, T, γ }, expert trajectories in the form
of D = {(sn, πE (sn), s′

n)}, a vector of features
φ = (φ1, . . . , φK ),

convergence rate ε, and maximum iteration maxT
Output: Finds reward function R where R = ∑

i αi φi (s, a) by
approximating α = (α1, . . . , αK )

Choose the initial reward R1 by randomly initializing feature1
weights α;
Set Π = {π1} by finding π1 using MDP with candidate reward2

function R1 and value iteration;
Set X = {xπ1 } by calculating xπ1 using Tπ1 and Equation (13);3

Calculate xπE using TπE and Equation (15);4
for t = 1 to maxT do5

Find values for α by solving the linear program:6

maximize d t = [((xπE − xπ1 ) + · · · + (xπE − xπt ))α];7
subject to |αi | ≤ 1 ∀i 1 ≤ i ≤ K ;8

Rt+1 = ∑
i αt

i φi (s, a);9

if maxi |αt
i − αt−1

i | ≤ ε then10

return Rt+1;11

end12
else13

Π = Π ∪ {πt+1} by finding πt+1 using MDP with14

candidate reward function Rt+1 and value iteration;
Set X = X ∪ {xπt+1 } by calculating xπt+1 using Tπt+1 and15
Equation (13);

end16

end17

max d t =
[

f (vπE − vπ1) + · · · + f (vπE − vπt )

]

subject to |αi | ≤ 1 ∀i 1 ≤ i ≤ K (17)

where Ng and Russell (2000) set f (x) = x if f (x) > 0,
otherwise, f (x) = 2x to penalize the cases in which the
value of expert’s policy is less than the candidate policy.
The authors, selected 2 in f (x) = 2x since it had the least
sensitivity in their experiments. The maximization in Eq. (16)
is similar to the one in Eq. (17), particularly when f (x) = x
for all x .

Moreover, Ng and Russell (2000) suggested to approxi-
mate the policy values using Monte Carlo estimator. Recall
the definition of value function in MDPs, shown in Eq. (7),
defined as:

V π (s) = Est ∼T

[
γ 0 R(s0, π(s0)) + γ 1 R(s1, π(s1)

+ · · · )|π, s0 = s

]

= Est ∼T

[ ∞∑
t=0

γ t R(st , π(st ))|π, s0 = s

]
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Using M expert trajectory of size H , the value function in
MDPs can be approximated using Monte Carlo estimator:

V̂ π (s0) = 1/M
M∑

m=1

H−1∑
t=0

γ t R(s, a)

= 1/M
M∑

m=1

H−1∑
t=0

γ tαTφ(s, a) (18)

We then extended the trajectory-based MDP-IRL algo-
rithm of Ng and Russell (2000) to a trajectory-based
POMDP-IRL algorithm, called POMDP-IRL-BT, which is
presented in the next section.

4 Extending MDP-IRL to the POMDP framework

In this section, we propose two IRL algorithms from expert
trajectories in the POMDP framework. First in Sect. 4.1, we
extend the MDP-IRL algorithm of Ng and Russell (2000)
to POMDPs by approximating the value of expert’s policy
and that of candidate policies [respectively Eqs. (14) and
(12)] for POMDPs. This is done by fixing the number of
beliefs to the expert beliefs available in expert trajectories,
and by approximating the expert belief transitions, i.e., the
probability of transiting from one expert belief to another
after performing an action. The algorithm is called POMDP-
IRL-BT (BT for belief transitions). Then, in Sect. 4.2, we
propose a point-based POMDP-IRL algorithm, called PB-
POMDP-IRL.

4.1 POMDP-IRL-BT

We extend the trajectory-based MDP-IRL algorithm intro-
duced in previous section to POMDPs. Our proposed algo-
rithm, called POMDP-IRL-BT, considers the situation when
expert trajectories are in form of (a1, o1, . . . , aB , oB), where
B is the number of generated expert beliefs. Notice that
by application of the state estimator function in Eq. (3),
and an assumed belief b0, we can calculate expert beliefs
(b0, . . . , bB−1). Thus, expert trajectories can be represented
as (b0, πE (b0), . . . , bB−1, πE (bB−1)).

The POMDP-IRL-BT algorithm is similar to the MDP-
IRL algorithm, described in Sect. 3, but instead of states we
use the finite number of expert beliefs that occurred in expert
trajectories. Moreover, we approximate a belief transition for
expert beliefs in the place of the transition model in MDPs.
More specifically, we approximate the value of the expert’s
policy and the value of candidate policies by approximating
Eqs. (12) and (14), respectively, for POMDPs. Therefore, in
IRL for POMDPs we maximize the margin:

d t = (v
πE
b − v

π1
b ) + · · · + (v

πE
b − v

πt
b )

where v
πE
b is an approximation of the value of the expert’s

policy. This expert’s policy is based on the expert beliefs
that occurred in expert trajectories. Moreover, each v

πt
b is an

approximation of value of the candidate policy πt which is
calculated by approximating expert belief transitions.

To illustrate these approximations, consider the value
function for POMDPs shown in Eq. (6). Using the vector
representation, we can rewrite this equation as follows:

vπ
b = rπ

b + γ Pπvπ
b (19)

where vπ
b is a vector of size B: the number of expert beliefs

in which vπ
b (b) = V π (b) [from Eq. (2)], rπ

b is a vector of
size B in which rπ

b (b) = R(b, π(b)), where R(b, a) comes
from Eq. (5), Pπ is a matrix of size B × B that is the belief
transition matrix for policy π , in which:

Pπ (b, b′)

=
∑
o′∈O

[
Pr(o′|b, π(b)) ifClosest((SE(b, π(b), o′), b′)

]

(20)

where SE is the state estimator function in Eq. (3) and
ifClosest(b′′, b′) determines if b′ is the closest expert belief
to b′′, the belief created as result of state estimator function.

Formally, we define ifClosest(b′′, b′) as:

ifClosest(b′′, b′) =
{

1, if b′ = arg minbn |b′′ − bn|
0, otherwise

where bn ∈ B expert beliefs that appeared within the
expert trajectories.

Pπ (b, b′) is an approximate belief state transition model.
It is approximated in three steps. First, the next belief b′′
is estimated using the SE function. Second, the ifClosest
function is used to find, b′, the nearest belief that occurred
within the expert trajectories. Finally, the transition probabil-
ity between b and b′ is updated using Eq. (20). This avoids
handling the excessive number of new beliefs created by the
SE function. More importantly, this procedure supports the
use of IRL on a fixed number of beliefs, such as expert beliefs
from a fixed number of trajectories.

After that, we construct the rest of formulations similar
to MDPs. The reward function, R, is represented using the
vector of features φ so that each φi (s, a) is a basis function
for the reward function. However, in POMDPs, we need to
extend state features to beliefs. To do so, we define the vector
φ(b, a) as: φ(b, a) = ∑

s∈S b(s)φ(s, a). Then, matrix Φπ
b

is an N × K matrix of belief action features for policy π ,
defined as:

Φπ
b =

⎛
⎝ φ(b0, π(b0))

T

. . .

φ(bB−1, π(bB−1))
T

⎞
⎠
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For the expert’s policy πE , we define Φ
πE
b as:

Φ
πE
b =

⎛
⎝ φ(b0, πE (b0))

T

. . .

φ(bB−1, πE (bB−1))
T

⎞
⎠

Then rπ
b is defined as:

rπ
b = Φπ

b α (21)

Similar to the MDP-IRL, we can now manipulate Eq. (19):

vπ
b = rπ

b + γ Pπvπ
b

vπ
b − γ Pπvπ

b = rπ
b

(I − γ Pπ )vπ
b = rπ

b

Therefore, from the last equality we have:

vπ
b = (I − γ Pπ )−1rπ

b (22)

Using Eq. (21) in Eq. (22), we have:

vπ
b = (I − γ Pπ )−1Φπ

b α

vπ
b = xπ

b α (23)

where xπ
b is a matrix of size N × K defined as:

xπ
b = (I − γ Pπ )−1Φπ

b (24)

Equation (23) shows that the vector of values vπ
b can be rep-

resented as multiplication of the vector of feature weights
α and the vector xπb . We have a similar equation for the
expert’s policy: v

πE
b = xπE

b α, where xπE
b is a matrix of size

N × K defined as:

xπE
b = (I − γ PπE )−1Φ

πE
b (25)

where PπE is an B × B matrix where each element
PπE (bi , b j ) is the probability of transiting from bi to b j

with expert action πE (bi ).
Algorithm 2 shows POMDP-IRL-BT and similarly to

MDP-IRL, it maximizes the sum of the margins between
the expert’s policy πE and the candidate policies πt (line 7 of
Algorithm 2). The POMDP-IRL-BT algorithm is based on
the belief transition model, as opposed to MDP-IRL which
is based on transition of completely observable states.

Let’s now see Algorithm 2 in detail. It starts by randomly
initiating values for α to generate the initial candidate reward
function R1 in line 1. Then, it finds the policy of R1, denoted
by π1 in line 2, using a model-based POMDP algorithm such
as PBVI (Pineau et al. 2003). In line 3, it constructs Pπ1

which is used to calculate xπ1
b from Eq. (24). Then, in line 4,

it uses πE to construct PπE which is used to calculate xπE
b

from Eq. (25). Finally, from line 5 to line 16, it iterates to learn
the expert reward function by solving the linear program in
line 7 with the constraints shown in line 8. The objective
function of the linear program is:

Algorithm 2: POMDP-IRL-BT: inverse reinforcement
learning in the POMDP framework using belief transi-
tions estimation.

Input: P O M D P\R = {S, A, T, γ, O,Ω, b0}, expert
trajectories in the form of D = {(bn, πE (bn), b′

n)}, a
vector of features φ = (φ1, . . . , φK ),

convergence rate ε, and maximum Iteration maxT
Output: Finds reward function R where R = ∑

i αi φi (s, a) by
approximating α = (α1, . . . , αK )

Choose the initial reward R1 by randomly initializing feature1
weights α;
Set Π = {π1} by finding π1 using POMDP with candidate2

reward function R1 and a PBVI variant POMDP solver;
Set X = {xπ1

b } by calculating xπ1
b using Pπ1 and Equation (24);3

Calculate xπE
b from Equation (25);4

for t = 1 to maxT do5
Find values for α by solving the linear program:6

maximizeα [((xπE
b − xπ1

b ) + · · · + (xπE
b − xπt

b )
)
α];7

subject to −1 ≤ αi ≤ +1 ∀i 1 ≤ i ≤ K ;8

Rt+1 = ∑
i αt

i φi (s, a);9

if maxi |αt
i − αt−1

i | ≤ ε then10

return Rt+1;11

end12
else13

Π = Π ∪ {πt+1} by finding πt+1 using POMDP with14

candidate reward function Rt+1 and a PBVI variant
POMDP solver;
Set X = X ∪ {xπt+1

b } by calculating xπt+1
b using Pπt+115

and Equation (24);
end16

end17

maximize d t =
t∑

l=1

(xπE
b − xπl

b )α

for all t candidate policies learned so far up to iteration t ,
subject to the constraints |αi | ≤ 1 ∀i 1 ≤ i ≤ K . Thus, it
maximizes the sum of the margins between expert’s policy
π E and other candidate policies πl (we have t of them at iter-
ation t). In this optimization, we also constrain the value of
the expert’s policy to be greater than that of other policies in
order to ensure that the expert’s policy is optimal.

This algorithm requires feature expectation matrix in each
iteration, which requires inverting a matrix of size B, which is
about O(B3). The algorithm also requires solving the linear
program with O(K ) variables, and O(K maxT) constraints.
Moreover, it requires solving a POMDP model in each iter-
ation that depens on the used solver.

4.2 PB-POMDP-IRL

Here, we propose a point-based IRL algorithm for POMDPs,
called PB-POMDP-IRL. The idea in this algorithm is that the
value of new beliefs, i.e., the beliefs that result of performing
other policies than expert’s policy, are approximated using
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expert beliefs. Moreover, this algorithm constructs a linear
program for learning a reward function for the expert’s policy
by going through the expert trajectories and adding variables
corresponding to the expert’s policy value and variables cor-
responding to the alternative policy values.

To understand the algorithm, we start by a few defin-
itions: we define each history h as a sequence of obser-
vation action pairs of the expert trajectories denoted by
h = ((a1, o1), . . . , (at , ot )). Moreover, we use hao for the
history of size |h| + 1 which includes the history h followed
by (a, o). Then, we use bh to show the belief at the end of
history h, which can be calculated using the State Estimator
in Eq. (3). We now present State Estimator function with the
new notations:

bhao(s
′) = SE(bh, a, o)

= Pr(s′|bh, a, o)

= ηΩ(a, s′, o)
∑
s∈S

bh(s)T (s, a, s′)

where η is the normalization factor.
For instance, if h = (a1, o1) then the belief at the end of

history h, bh is calculated by the belief update function in
Eq. (3) and using (a1, o1) and b0 (usually a uniform belief)
as parameters. Similarly, if h = ((a1, o1), . . . , (at , ot , )), the
belief at the end of history is calculated by sequentially apply-
ing the belief update using (ai , oi ) and bi−1 as parameters.

The PB-POMDP-IRL algorithm is described in Algo-
rithm 3. In this algorithm, the value of new beliefs, i.e.,
the beliefs which result of performing other policies (than
expert’s policy), are approximated using expert beliefs. That
is, given the belief bhao where a 
= πE (bhao), the value of
V πE (bhao) is approximated using expert histories h′

i of the
same size as hao, i.e., |h′

i | = |hao|. This approximation is
demonstrated in lines 16 and 17 of the algorithm:

V πE (bhao) =
n∑

i=0

wi V (bh′
i
)

such that wi s follow bhao = ∑n
i=0 wi bh′

i
Notice that due to the piecewise linearity of the optimal

value function, this approximation corresponds to the true
value if the expert’s policy in the belief state bhao is the same
as the one in the belief states bh′

i
, which is used in the linear

combination. This condition is more likely to be true when
the beliefs bh′

i
are closer to the approximated belief bhao.

The algorithm also constructs a linear program for learn-
ing the reward function by going through expert trajectories
and adding variables corresponding to the expert’s policy
value and variables corresponding to alternative policy val-
ues. These variables are subject to the linear constraints that
are subject to the Bellman equation (lines 22 and 27). In line
23, the linear constraint for the expert’s policy value at end
of history h is added. This constraint is based on the Bellman

Algorithm 3: Point-based POMDP-IRL: a point-based
algorithm for IRL in the POMDP framework.

Input: A POMDP\R as (S, A, O, T,Ω, b0, γ ), and a set D of
trajectories am

1 om
1 . . . am

t−1om
t−1am

t , t ≤ H demonstrated
by a human;

Output: Reward weights αi ∈ R;
Extract the human’s policy πE from the trajectories;1
Initialize the set of variables V with the weights αi ;2
Initialize the set of linear constraints C with3

{∀(s, a) ∈ S × A : Rmin ≤ ∑k
i=1 αi φi (s, a) ≤ Rmax } ;

for t = H to 1 do4
foreach h ∈ D, such that h is a trajectory of length t, do5

Calculate bh, the belief state at the end of trajectory h;6
foreach (a, o) ∈ A × O do7

Add the variable V πE (bhao) to V ;8
// V πE (bhao) is an approximation of the value of ππE9
at bhao defined below;
if hao /∈ D and t = H then10

Add the constraint V πE (bhao) = 0 to the set C ;11

end12
if hao /∈ D and t < H then13

Let bhao be the belief corresponding to the14
trajectory hao;
Calculate the belief states bh′

i
corresponding to the15

trajectories in D of length t + 1 ;
Find a list of weights wi such that16
bhao = ∑n

i=0 wi bh′
i

;

Add to C the constraint17
V πE (bhao) = ∑n

i=0 wi V (bh′
i
);

// V πE (bhao) is an approximation of the value of18
πE at the belief corresponding to the trajectory hao

end19

end20
Add the variable V πE (bh) to V ;21
// V πE (bh) is the value of ππE at bh;22
Add to C the constraint23

V πE (bh) = [∑s∈S bh(s)
∑k

i=1 αi φi (s, πE (bh)) +
γ

∑
o∈O Pr(o|bh, πE (bh))V πE (bhπE (bh)o)] ;

foreach a ∈ A do24
Add the variable V a(bh) to V ;25
// V a(bh) is the value of an alternative policy choosing26
a after the trajectory h;
Add to C the constraint27

V a(bh) = ∑
s∈S bh(s)

∑k
i=1 αi φi (s, a) +

γ
∑

o∈O Pr(o|bh, a)V πE (bhao);
Add the variable εa

h to the set V ;28

Add to C the constraint V πE (bh) − V a(bh) ≥ εa
h;29

end30

end31

end32
maximize

∑
h∈H

∑
a∈A εa

h subject to the constraints of set C ;33

Eq. (6) which we present it again here:

V π (b) = R(b, π(b)) + γ
∑
o′∈O

Pr(o′|b, π(b))V π (b′)

where here the rewards R(b, π(b)) are presented as linear
combination of state features: R(b, π(b)) = ∑k

i=1 αiφi (s, a)

and R(b, a) is defined as R(b, a) = ∑
s∈S b(s)R(s, a).
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So, the value of expert’s policy at end of history h
becomes:

V πE (bh) =
[∑

s∈S

bh(s)
k∑

i=1

αiφi (s, π
πE (bh))

+ γ
∑
o∈O

Pr(o|bh, ππE (bh))V πE (bhππE (bh)o)

]

Similarly, in line 27 the linear constraint for the alterna-
tive policy value at the end of history h is added. Notice
that an alternative policy is a policy that selects an action
a 
= ππE (bh) and then follows the expert’s policy for the
upcoming time-steps. This constraint is also based on the
Bellman Eq. (6). That is, the value of performing action a at
the belief bh where a 
= ππE (bh) and then following expert’s
policy πE becomes:

V a(bh) =
∑
s∈S

bh(s)
k∑

i=1

αiφi (s, a)

+ γ
∑
o∈O

Pr(o|bh, a)V πE (bhao)

Finally, in line 29 we explicitly state that the expert’s pol-
icy value at any history h, V πE (bh) is higher than any alter-
native policy value, V a(bh) where a 
= πE (bh), by a margin
εa

h that should be maximized in line 33.
This algorithm requires solving one linear program with

O(|A||O|M H) variables, and O(|A|M H) constraints. Fur-
thermore, the computational complexity of each linear
approximation is O(M3 H3), given that there are O(M H)

belief states where the human’s policy is known. Therefore,
the overall complexity of the algorithm is polynomial in the
parameters |A|, |O|, M and H .

5 Experiments

5.1 Experiments with SACTI-1

We applied our methods on the dialogue POMDP learned
from SACTI-1 (Chinaei and Chaib-draa 2011). Williams
and Young (2005) collected SACTI-1 dialogues, publicly
available at: http://mi.eng.cam.ac.uk/projects/sacti/corpora/.
SACTI stands for simulated ASR channel tourist informa-
tion. It contains 144 dialogues between 36 users and 12
experts who play the role of the machine for 24 total tasks
on this data set. The utterances are first recognized using
a speech recognition error simulator, and then are sent to
human experts for a response. There are four levels of ASR
noise in SACTI-1 data: none, low, medium, and high noise.
There is a total of 2,048 utterances that we used for our exper-
iments which have 817 distinct words. Our learned dialogue
POMDP model, learned from SACTI-1, consists of 5 states,

Table 1 The SACTI-1 specifications for IRL experiments

Problem |S| |A| |O| γ |φ| |trajectories|
SACTI-1 5 14 5 0.90 70 50

Table 2 Number of matches for hand-crafted (HC) reward POMDPs,
and learned reward POMDPs, w.r.t. 1,415 human expert actions

Noise level None (%) Low (%) Med (%) High (%)

HC 339–24 327–23 375–26 669–47

Learned 869–61 869–61 408–28 387–27

3 non-terminal states for visits, transports, and foods inten-
tions, as well as two terminal states success and failure. It also
includes 14 actions, 5 intention observations, and the learned
transition and observation models. The SACTI-1 specifica-
tions for IRL experiments are described in Table 1.

5.1.1 PB-POMDP-IRL evaluation on human policy

In our previous work (Boularias et al. 2010), we evaluated
the PB-POMDP-IRL performance as the ASR noise level
increases. The results are shown in Table 2. We applied the
algorithm on four dialogue POMDPs learned from SACTI-
1 dialogues with four levels of noise none, low, medium,
and high, respectively. Our experimental results showed that
the PB-POMDP-IRL algorithm is able to learn a reward
function for human expert’s policy. Note that SACTI dia-
logues have been collected in a Wizard-of-Oz setting. The
results also show that the algorithm performs better in the
lower noise levels (none and low) than in higher noise levels
(medium and high). In Sect. 5, we compare the PB-POMDP-
IRL algorithm to the POMDP-IRL-BT algorithm on POMDP
policies.

5.1.2 Evaluations on POMDP policies

We then assume that the expert’s policy is a POMDP pol-
icy. For the expert reward function, we assumed that it is as
follows: (i) any action in non-terminal states receives −1 as
reward; (ii) any action in the success terminal state receives
+50 as reward; (iii) any action in the failure terminal state
receives−F50 as reward. Then, we solved the POMDP model
to find the optimal policy and assumed it as the expert’s pol-
icy to generate 10 trajectories. Each trajectory is generated
from the initial belief and by performing the expert action.
After receiving an observation the expert belief is updated
and the next action is performed. The trajectory ends when
reaching one of the two terminal states. The 10 generated
trajectories were then used in our two fold cross validation
experiments.
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Table 3 POMDP-IRL-BT and PB-POMDP-IRL results on the learned
POMDP from SACTI-1: Number of matched actions to the expert
actions

Algorithm # of matched actions Matched (%)

POMDP-IRL-BT 42 84

PB-POMDP-IRL 29 58

We applied the POMDP-IRL-BT and PB-POMDP-IRL
algorithms on the SACTI-1 dialogue POMDP using state-
action-wise features in which there is an indicator func-
tion for each state-action pair. Since there are 5 states and
14 actions in the example dialogue POMDP, the size of
features equals 70 = 5 × 14. To solve each POMDP
model, we used the Perseus solver which is a point-based
value iteration (PBVI) solver (Spaan and Vlassis 2005).
PBVI solvers are approximate solvers that use a finite num-
ber of beliefs for solving a POMDP model. We set the
solver to use 10,000 random samples for solving the opti-
mal policy of each candidate reward. The other parameter
is max-time for execution of the algorithm, which is set
to 1,000.

The twofold cross validation experiments are done as fol-
lows. We randomly selected 5 trajectories from the 10 expert
trajectories, introduced above, for training and the rest of
5 trajectories for testing. Then we tested POMDP-IRL-BT
and PB-POMDP-IRL. For each algorithm experiment, the
algorithm was used to learn a reward function for the expert
trajectories using the training trajectories. Then the learned
policy, i.e., the policy of the learned reward function, was
applied on the testing trajectories. Finally, we calculated
the number of learned actions that matched to the expert
actions on the testing trajectories, and they were added up
for the two folds to make the cross validation experiments
complete.

The experimental results are shown in Table 3. The result
of the experiments showed that POMDP-IRL-BT signifi-
cantly outperforms PB-POMDP-IRL on SACTI-1 expert’s
policy (where expert’s policy is a POMDP policy). More
specifically, the POMDP-IRL-BT algorithm was able to learn
a reward function that matched with 42 actions out of 50
actions in the data set. That is, the policy of the learned
reward function was equal to the expert’s policy for 84 % of
the beliefs. On the other hand, the learned policy using PB-
POMDP-IRL matched to 29 actions out of the 50 actions in
the data set. That is, the learned policy using the PB-POMDP-
IRL algorithm matched to the expert’s policy for only 58 % of
the beliefs. As POMDP-IRL-BT outperforms PB-POMDP-
IRL, we adopt it for learning a dialogue POMDP solely
from unannotated and noisy dialogues, collected by Smart-
Wheeler.

Fig. 2 The SmartWheeler robot platform

5.2 Experiments with SmartWheeler

5.2.1 SmartWheeler dialogues and choice of features

The SmartWheeler project (Pineau et al. 2011) aims to build
an intelligent wheelchair for persons with disabilities. This
project has been initiated in 2006, and a first prototype, shown
in Fig. 2, was built in-house at McGill’s Center for Intelli-
gent Machines. Its objective aims to minimize the physical
and cognitive load required in steering it. This is achieved via
a spoken dialogue system where elderly can ask the Smart-
Wheller to achieve some commands.

SmartWheeler dialogues We used the dialogues collected
by SmartWheeler to develop a dialogue POMDP learned
primarily from data. The data include eight dialogues with
healthy users and nine dialogues with target users of Smart-
Wheeler (Pineau et al. 2011). The dialogues with target users,
who are the elderly, are somehow more noisy than the ones
with healthy users. More specifically, the average word error
rate (WER) is 13.9 % for the healthy user dialogues and
18.5 % for the target user dialogues. In order to perform
our experiments on a larger amount of data, we used all the
healthy and target user dialogues. In total, there are 2,853
user utterances and 422 distinct words in the SmartWheeler
dialogues.

Table 4 shows a sample of SmartWheeler dialogues cap-
tured for training the dialogue POMDP model components.
The first line denoted by u1 shows the true user utterance, that
is the one which has been extracted manually from user audio
recordings. The following line denoted by ũ1 is the recog-
nized user utterances by ASR. Finally, the last line denoted
by a1 shows the performed action in response to the ASR
output at the time of collecting the dialogues.
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Table 4 A sample from the SmartWheeler dialogues Pineau et al.
(2011)

. . .

u1 : turn right

ũ1 : [turn right]

a1 : TURN RIGHT

u2 : turn right a little

ũ2 : [10 writer little]

a2 : PLEASE REPEAT YOUR COMMAND

u3 : turn right a little

ũ3 : [turn right to lead a]

a3 : TURN RIGHT A LITTLE

u4 : stop

ũ4 : [stop]

a4 : STOP

…

Notice that the true user utterance is not observable to
SmartWheeler, and thus it requires to perform the action
based on the recognized utterance by ASR. That is, for each
dialogue utterance recognized by ASR, the machine aims to
estimate the user intention and then perform the best action
that satisfies the user intention. The recognized utterance
by ASR is not however reliable for decision making. For
instance, the first utterance,

u1 : [turn right a little],

shows the true user utterance. The ASR output for this utter-
ance is,

ũ1 : [10 writer little].

As such, the action performed by SmartWheeler at this dia-
logue turn is, the general query action

u1 : PLEASE REPEAT YOUR COMMAND.

The query action, is the SmartWheeler action for get-
ting more information. For instance, in the example in
Table 4, when SmartWheeler receives the second ASR out-
put [10 writer little], it performs a general query action to get
more information before it performs the right action for the
user intention, i.e.,TURN RIGHT A LITTLE.

The list of all SmartWheeler actions are shown in Table 5.
Each action is the right action of one state (the user intention
for a specific command). So, ideally, there should be 24 states
for SmartWheeler dialogues (There are 24 actions other than
the general query action). However, in the next subsection
we see that we only learned 11 of the states, mainly because
of number of dialogues. That is, not all of the states appeared
in the data frequently enough. There are also states that do
not appear in dialogues at all.

Table 5 The list of the possible actions, performed by SmartWheeler

a1 DRIVE FORWARD A LITTLE

a2 DRIVE BACKWARD A LITTLE

a3 TURN RIGHT A LITTLE

a4 TURN LEFT A LITTLE

a5 FOLLOW THE LEFT WALL

a6 FOLLOW THE RIGHT WALL

a7 TURN RIGHT DEGREE

a8 GO THROUGH THE DOOR

a9 SET SPEED TO MEDIUM

a10 FOLLOW THE WALL

a11 STOP

a12 TURN LEFT

a13 DRIVE FORWARD

a14 APPROACH THE DOOR

a15 DRIVE BACKWARD

a16 SET SPEED TO SLOW

a17 MOVE ON SLOPE

a18 TURN AROUND

a19 PARK TO THE RIGHT

a20 TURN RIGHT

a21 DRIVE FORWARD METER

a22 PARK TO THE LEFT

a23 TURN LEFT DEGREE

a24 PLEASE REPEAT YOUR COMMAND

Choice of features Recall from the previous section that
IRL needs features to represent the reward function. We
propose keyword features for applying IRL on the learned
POMDP dialogue from SmartWheeler. The keyword features
are SmartWheeler keywords, i.e., 1-top words for each user
intention that have been automatically learned during learn-
ing the user intentions (Chinaei et al. 2012). There are nine
learned keywords:

forward, backward, right, left, turn, go, for, top, stop.

The keyword features for each state of SmartWheeler
dialogue POMDP are represented in a vector, as shown in
Table 6. The figure shows that states s3, (turn-right-little)
and s6 (follow-right-wall) share the same features, i.e., right.
Moreover, states s4 (turn-left-little) and s5 (follow-left-wall)
share the same feature, i.e., left. In our experiments, we used
keyword-action-wise features. Such features include the indi-
cator functions for each pair of state-keyword and action.
Thus, the feature size for SmartWheeler equals 216 = 9×24
(9 keywords and 24 actions).

Notice that the choice of features is application dependent.
The reason for using keywords as state features is that in
the intention-based dialogue applications the states are the
dialogue intentions, where each intention is described as a
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Table 6 Keyword features for
the SmartWheeler dialogues Forward Backward Right Left Turn Go For Top Stop

s1 1 0 0 0 0 0 0 0 0

s2 0 1 0 0 0 0 0 0 0

s3 0 0 1 0 0 0 0 0 0

s4 0 0 0 1 0 0 0 0 0

s5 0 0 0 1 0 0 0 0 0

s6 0 0 1 0 0 0 0 0 0

s7 0 0 0 0 1 0 0 0 0

s8 0 0 0 0 0 1 0 0 0

s9 0 0 0 0 0 0 1 0 0

s10 0 0 0 0 0 0 0 1 0

s11 0 0 0 0 0 0 0 0 1

Table 7 The assumed expert
reward function for the dialogue
POMDP learned from
SmartWheeler dialogues

Assumed expert reward function
a1 a2 a3 a4 a5 a6 a7 a8 a9 a10 a11 a12 … REPEAT

s1 1.0 0 0 0 0 0 0 0 0 0 0 0 . . . 0.4

s2 0 1.0 0 0 0 0 0 0 0 0 0 0 . . . 0.4

s3 0 0 1.0 0 0 0 0 0 0 0 0 0 . . . 0.4

s4 0 0 0 1.0 0 0 0 0 0 0 0 0 . . . 0.4

s5 0 0 0 0 1.0 0 0 0 0 0 0 0 . . . 0.4

s6 0 0 0 0 0 1.0 0 0 0 0 0 0 . . . 0.4

s7 0 0 0 0 0 0 1.0 0 0 0 0 0 . . . 0.4

s8 0 0 0 0 0 0 0 1.0 0 0 0 0 . . . 0.4

s9 0 0 0 0 0 0 0 0 1.0 0 0 0 . . . 0.4

s10 0 0 0 0 0 0 0 0 0 1.0 0 0 . . . 0.4

s11 0 0 0 0 0 0 0 0 0 0 1.0 0 . . . 0.4

vector of k-top words from the domain dialogues. Therefore,
the keyword features are relevant features for the states.

5.2.2 POMDP-IRL-BT evaluation with SmartWheeler

We now show our experimental results using the POMDP-
IRL-BT algorithm on the intention dialogue POMDP learned
from SmartWheeler. As mentioned earlier, to evaluate the
IRL algorithms, we consider that expert’s policy is a POMDP
policy using an assumed reward function. To do that, we
assumed that the expert reward function is the one repre-
sented in Table 7 (top). For the choice of features, we also
used the keyword features shown in Table 6.

Similar to the previous experiments using SACTI-1 dia-
logues, we performed two fold cross validation experiments
by generating 10 expert trajectories. The expert trajectories
are truncated after 20 steps, since there is no terminal state
here. We then used the Perseus software with the same setting
as described in Sect. 5.

Based on the specification above, we performed POMDP-
IRL-BT on SmartWheeler expert trajectory for training. The

experimental results showed that the policy of the learned
reward was the same as the expert’s policy for 194 beliefs
inside the testing trajectory out of the 200 beliefs, i.e.,
97 % matched actions. For all the 6 errors, the expert
action was TURN RIGHT LITTLE, i.e., the right action
for the state turn- right- little, while the action of the
learned reward suggested FOLLOW RIGHT WALL. How-
ever, this error did not happen in all the cases which the
expert action was TURN RIGHT LITTLE in the testing
trajectory.

Afterwards, we used state-action-wise features as defined
previously where there are 11 states and 24 actions. In this
case, the size of state-action-wise features equals 264 = 11×
24. This is a slight increase compared to the size of keyword
features, i.e., 216. We observed that in our experiment the
learned policy is exactly the same as the expert’s policy for
the 200 beliefs inside the testing trajectory using state-action-
wise features, i.e., 100 % matched with the expert’s policy. In
words, POMDP-IRL-BT was able to learn a reward function
for the expert’s policy using the learned dialogue POMDP
from SmartWheeler dialogues.
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5.2.3 Comparison of POMDP-IRL-BT to POMDP-IRL-MC

Choi and Kim (2011) proposed IRL algorithms in POMDP
framework by assuming policies in the form of an FSC
and thus using PBPI (point-based policy iteration) (Ji et al.
2007), as POMDP solver. In their algorithm, they used Monte
Carlo estimator to estimate the value of expert’s policy. We
also implemented the Monte Carlo estimator as denoted by
Eq. (18) for the estimation of policy values in line 7 in Algo-
rithm 2, and used the Perseus software (Spaan and Vlassis
2005) as the POMDP solver. This new algorithm is called
POMDP-IRL-MC.

We compared the two algorithms, POMDP-IRL-BT and
POMDP-IRL-MC, based on the following criteria:

1. Percentage of the learned actions that matches to the
expert actions.

2. Value of learned policy with respect to the value of
expert policy.

3. CPU time spent by the algorithm as the number of expert
trajectories (training data) increases.

Criteria 1 and 2 are used to evaluate the quality of the
learned reward function for the expert. As in the previous
experiment, the higher the matched actions, the better the
learned reward function is. Similarly, criterion 2 compares
the value of the learned reward function with the value of
expert reward function. The higher the value of the learned
policy, the better the learned reward function is. The results
for these criteria is based on two fold cross validation using
400 expert trajectories, i.e., each fold contains of 200 expert
trajectories.

Note that the value of learned policy (in criterion 2) is
the sampled value of the policy. This was done by running
the policy starting from a uniform belief to the maximum
maxT = 20 time step or until it reaches the terminal state.
The sampled values are averaged over 100 runs, and are cal-
culated using:

V̂ π (b) =
[maxT∑

t=0

γ t R(bt , π(bt ))|π, b0 = b

]

Finally, criterion 3 evaluates the CPU time spent by the
algorithm as the number of expert trajectories increases.
This is to verify which of the two algorithms, POMDP-IRL-
BT and POMDP-IRL-MC, requires more computation time.
Below, we report on our experiments on SmartWheeler
domain based on the above mentioned criteria.

Evaluation of the quality of the learned rewards First,
we evaluated POMDP-IRL-BT and POMDP-IRL-MC using
keyword features based on criteria 1 and 2. The results are
shown in Fig. 3 (top) and (bottom). The two figures show con-

sistent results in which the performance of POMDP-IRL-BT
and POMDP-IRL-MC are comparable.

Figure 3 (top) shows percentage of the matched actions
to those of expert, as the number of iterations increases (the
first criteria). The figure demonstrates that after around 15
iterations the learned actions for 95 % of testing trajectories
matches to actions suggested by the expert’s policy, in both
the POMDP-IRL-BT and POMDP-IRL-MC algorithms. The
figure also shows that after iteration 15, percentage of the
matched actions fluctuates slightly as the number of iterations
increases, however percentage remains above 90 %.

Moreover, Fig. 3 (bottom) plots the value of the learned
policy (the sampled value) as the number of iterations
increases (criterion 2). Similar to Fig. 3 (top), we observe
that for both POMDP-IRL-BT and POMDP-IRL-MC after
iteration 15 the learned policy value becomes close to the
expert’s policy value. Moreover, though the learned policy
values fluctuate slightly, it remains close to the expert’s pol-
icy value after iteration 15.

The reason for these fluctuations could be the choice of
features. In the experiments reported above we used the auto-
matically learned keyword features for our POMDP-IRL
experiments. In Table 6, we saw that the states 3 and 6 share
the same feature right. Similarly, the states 4 and 5 share
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Fig. 3 Comparison of the POMDP-IRL algorithms using keyword fea-
tures on the dialogue POMDP policy learned from SmartWheeler. Top
percentage of matched actions. Bottom sampled value of the learned pol-
icy
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Fig. 4 Comparison of the POMDP-IRL algorithms using state-action-
wise features on the dialogue POMDP learned from SmartWheeler. Top
percentage of matched actions. Bottom sampled value of learned policy

the same feature left. Although this kind of feature sharing
can reduce the size of features, it can lead to learning wrong
actions for the sharing states.

Therefore, we performed similar experiments on Smart-
Wheeler but this time using state-action features. These fea-
tures include the indicator functions for each pair of state
and action. Thus, the feature size for SmartWheeler equals
11 × 24 = 264, which is a slight increase compared to the
size of keyword features, i.e., 216. Similar to the keyword
features, we evaluated state-action features on SmartWheeler
based on criteria 1 and 2. The results are shown in Fig. 4 (top)
and Fig. 4 (bottom).

Figure 4 (top) and (bottom) show consistent results in
which the performance of POMDP-IRL-BT reaches to expert
performance. Figure 4 (top) shows percentage of the matched
actions between the learned and expert policies, as the num-
ber of iterations increases. The figure shows that this percent-
age reaches to 100 % in POMDP-IRL-BT, while it reaches
to 97 % in POMDP-IRL-MC.

Moreover, Fig. 4 (bottom) plots the value of the learned
policy as the number of iterations increases. We observe
that the learned value equals the value of expert’s policy in
POMDP-IRL-BT (at iteration 13), while in POMDP-IRL-
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Fig. 5 Spent CPU time by POMDP-IRL algorithms on SmartWheeler,
as the number of expert trajectories (training data) increases

MC it only gets close to the value of expert’s policy (at iter-
ation 17).

Evaluation of the spent CPU time Figure 5 demonstrates
the spent time by POMDP-IRL-BT and POMDP-IRL-MC
as the number of expert trajectories (training data) increases.
The results show that by increasing the number of expert tra-
jectories, POMDP-IRL-BT requires considerably more time
than POMDP-IRL-MC. Note that the figure plots the spent
time by the number of trajectories in the logarithm base.
This increase is due to increase of the size of belief tran-
sition matrix, [as reflected by Eq. (20)], as the number of
expert trajectories increases. In other words, the belief tran-
sition matrix requires much more time to be constructed as
the number of beliefs in expert trajectories increases. Also,
note that this matrix is constructed for each candidate policy,
which in turn increases the CPU time.

In sum, our experimental results showed that using state-
action features, the POMDP-IRL-BT is able to learn a reward
function in which the policy matches the expert’s policy for
100 % of beliefs in the testing trajectories, while POMDP-
IRL-MC learned a reward function in which the policy
matched the expert’s policy for only 97 % of beliefs in test-
ing trajectories. However, POMDP-IRL-MC does scale sub-
stantially better than POMDP-IRL-BT. In the case of large
number of expert trajectories, POMDP-IRL-BT can still be
useful. For instance, we can use all expert trajectories to esti-
mate the transition and observation models, but, select part
of the expert trajectories to learn the reward model.

6 Conclusions and future work

In this paper, we proposed two POMDP-IRL algorithms:
POMDP-IRL-BT and PB-POMDP-IRL. The first one
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approximates a belief transition model, which is similar to
the state transition model in MDPs. On the other hand, PB-
POMDP-IRL is a point-based POMDP-IRL algorithm that
approximates the value of the new beliefs, which occurs in
the computation of the policy values, using a linear approx-
imation of expert beliefs. The two algorithms are able to
learn a reward function that accounts for expert’s policy. Our
experimental results showed that POMDP-IRL-BT outper-
forms PB-POMDP-IRL, when expert’s policy is a POMDP
policy, using SACTI-1 learned POMDP.

To perform the IRL experiments, we introduced the auto-
matically learned keyword features and then we evaluated the
POMDP-IRL-BT algorithm on the learned intention POMDP
from SmartWheeler. We observed that POMDP-IRL-BT is
able to learn a reward function that accounts for the expert’s
policy using keyword-action-wise features.

Finally, we compared the POMDP-IRL-BT algorithm that
uses belief transition estimation to the POMDP-IRL-MC
algorithm that uses Monte Carlo estimation. Our exper-
imental results showed that both algorithms are able to
learn a reward function that accounts for the expert’s pol-
icy. The experimental results showed that POMDP-IRL-BT
slightly outperforms the POMDP-IRL-MC algorithm based
on matched actions to the expert actions as well as the learned
policy values. On the other hand, the POMDP-IRL-MC algo-
rithm does scale much better than the POMDP-IRL-BT algo-
rithm.

Overall, the experiments on SmartWheeler dialogues
showed that the proposed methods are able to learn the dia-
logue POMDP model components from real dialogues.

In this work, we introduced the basic MDP-IRL algorithm
of Ng and Russell (2000), and extended it for POMDPs.
However, there are a vast number of IRL algorithms in
the MDP framework (Abbeel and Ng 2004; Ramachan-
dran and Amir 2007; Neu and Szepesvári 2007; Syed and
Schapire 2008; Ziebart et al. 2008; Boularias et al. 2011).
All these MDP-IRL algorithms can potentially be extended
to POMDPs (Kim et al. 2011). In particular, Kim et al.
(2011) extended the MDP-IRL algorithm of Abbeel and
Ng (2004), called max-margin between feature expectations
(MMFE), to a finite state controller (FSC) based POMDP-
IRL algorithm. The authors showed that the extension of
MMFE for POMDPs performs pretty well based on experi-
ments on several POMDP benchmarks. The MMFE POMDP
algorithm of Kim et al. (2011) also could be extended
as a point-based POMDP-IRL algorithm in order to take
advantage of the computational efficiency of point-based
POMDP solvers such as Perseus. In addition, our pro-
posed POMDP-IRL algorithms can be used for user sim-
ulation similar to MDP-IRL algorithms (Chandramohan et
al. 2012).

Furthermore, the IRL algorithms requires (dialogue) fea-
tures for representing the reward function. A relevant reward

function to the dialogue system and users can be only learned
by studying and extracting relevant features from the dia-
logue domain. Future research should be devoted on auto-
matic methods for learning the relevant and proper features
that are suitable for reward representation and reward func-
tion learning. We also observed that POMDP-IRL-BT algo-
rithm does not scale as the number of trajectories increase.
Although, the scalability may not be a great issue as the
algorithm can learn the reward function of the expert using
a small number of trajectories, another future avenue of
research can be enhancing the scalability of the POMDP-
IRL-BT algorithm and test the algorithm on larger dialogue
domains.
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