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Introduction
An autonomous agent, allocating stochastic resources to in-
coming tasks, faces increasingly complex situations when
formulating its control policy. These situations are often
constrained by limited resources of the agent, time limits,
physical constraints or other agents. All these reasons ex-
plain why complexity and state space dimension increase
exponentially in size of considered problem. Unfortunately,
models that already exist either consider the sequential as-
pect of the environment, or its stochastic one or its con-
strained one. To the best of our knowledge, there is no model
that take into account all these three aspects.

For example, dynamic constraint satisfaction problems
(DCSP) have been introduced by Dechter & Dechter (1988)
to address dynamic and constrained problems. However,
in DCSPs, there is typically no transition model, and thus
no concept of sequence of controls. On the other hand,
Fargier, Lang, & Schiex (1996) proposed mixed CSPs (MC-
SPs), but this approach considers only the stochastic and the
constrained aspects of the problem.

In this paper, we introduce a new model based on DC-
SPs and Markov decision processes to address constrained
stochastic resource allocation (SRA) problems by using ex-
pressiveness and powerfulness of CSPs. We thus propose
a framework which aims to model dynamic and stochastic
environments for constrained resources allocation decisions
and present some complexity and experimental results.

Background
A classical constraint satisfaction problem (CSP) is a triple
P = 〈X ,D, C〉, where X is the set of variables, each
of them can take its possible values in a domain D (sup-
posed here finite), and C is a set of constraints restricting
the possible values of some variables. We will denote by
S(P ) ⊂ D|X | the set of all assignments satisfying all con-
straints C of P . Solving a CSP is equivalent to finding one
element σ ∈ S(P ).

According to Verfaillie & Jussien (2005) dynamic con-
straint satisfaction problem (DCSP) is a sequence of η CSPs
P , each depending only on changes in the definition of the
previous one.

Copyright c© 2007, Association for the Advancement of Artificial
Intelligence (www.aaai.org). All rights reserved.

Solving a DCSP consists in finding a satisfying solution
σi ∈ S(Pi) for each i, 1 ≤ i ≤ η. Most past work on DC-
SPs has been devoted to finding a solution σi+1 based on σi.
For instance, solution reuse and reasoning reuse (Verfaillie
& Jussien, 2005) are two approaches that benefit from pre-
vious solutions to produce future ones. However, none of
these approaches attempt to formalize the influence of past
assignments on future ones as it can be in SRA problems.

Hence, dynamic CSPs are inadequate to address SRA
problems. We thus present Markov decision processes
which are a well known approach to model these influence
before proposing a new framework based on the composi-
tion of these two approaches.

A Markov Decision Process (MDP) models a planning
problem in which action outcomes are stochastic but the
world state is fully observable. The agent is assumed to
know a probability distribution for action outcomes. For-
mally, a MDP is a tuple M = 〈S,A, T ,R〉 where S and A
are finite set of states and actions, T a

ss′ = Pr(s′|s, a) is the
transition function and Ra

s ∈ R is the reward function.
Solving an MDP aims to find an optimal policy π∗ : S 7→

A that associates to each state s ∈ S an action a ∈ A that
maximizes the expected reward accumulated.

Papadimitriou & Tsisiklis (1987) have shown that find-
ing an optimal policy is one of the most difficult polynomial
problems under some restrictions recalled later. Neverthe-
less, as entries can have an exponential size, this problem
is one of the current major difficulties in the planning com-
munity. In fact, two main factors are responsible for this
tractability problem: the exponential size of the state space
and the branching factor between each state which makes
search barely feasible. Indeed, many methods already exist
that address the state space problem. For example, aggrega-
tion of Dearden & Boutilier (1997) and real-time exploration
(e.g. FRTDP algorithm of Smith & Simmons (2006)). This
is why this paper aims to cover the branching factor problem
instead, by using constraints on actions that will thus limit
state space explosion.

Markovian Constraint Satisfaction Problem
A markovian CSP (MaCSP) is a Markov Decision Process
which describes the stochastic evolution of a dynamic con-
straint satisfaction problem. States represent possible con-
figurations of the DCSP among its evolution, and actions



represent assignments of each configuration of this DCSP.
Thus, in a MaCSP, the Markov property is satisfied such as a
future configuration depends only on the previous configura-
tion and the assignment chosen. Formally, a MaCSP is a tu-
ple Φ = 〈S,Ψ, {A}, T ,R, s0,G〉 where S is the state space
of the underlying DCSP Ψ, Ai = {σsi

, σsi
∈ S(Psi

)} is the
set of assignments of variables in each state si, 1 ≤ i ≤ η,
T σ

sisi+1
= Pr(si+1|si, σ) andRσ

s ∈ R are the transition and
the reward functions as in MDPs.

In fact, a DCSP is a particular case of MaCSP where tran-
sition model T σ

sisi+1
is not specified. A DCSP can then be

naturally defined as a MaCSP in which transition model is
deterministic whatever assignment chosen and reward func-
tion is {satisfied, unsatisfied}.

Solving a MaCSP consists in finding a consistant assign-
ment σsi

for each state si defining a policy ξ∗ : S 7→ A that
associates for each state si ∈ S an assignment σsi

∈ S(Psi
)

over the finite horizon η. ξ∗ is the optimal policy over the
set of all policies Ξ such as:

ξ∗ = sup
ξ∈Ξ

[∑
σ∈A

ξ(s, σ)
∑
s′∈S

T σ
ss′ [Rσ

s + γVξ(s′)]

]
(1)

Complexity
The complexity class of satisfying a dynamic CSP is easy
to show since a dynamic CSP is a linear combination of
CSPs in terms of complexity: As stated by Haralick et al.
(1978), the problem of satisfiability of a constraint network
as defined in previous section is NP-complete and thus the
Dynamic Constraint Satisfaction Problem.

Furthermore, Papadimitriou & Tsisiklis (1987) have
shown that, given an MDP M, a horizon T , and an integer
K, the problem of computing a policy in M under horizon
T that yields total reward at least K is P-complete.

Thus, as stated for MDPs, it is necessary to place some
restrictions in order to hold the upper bounds. First, η � |S|
and |Ψ| � |S|. Then, we also assume that tables for the
transition and the reward function can be represented with a
constant number of bits. Under these restrictions:

Theorem 1. Given an MaCSP Φ, a horizon η, and an inte-
ger K, the problem of computing a policy in Φ under horizon
η that yields total reward at least K is NP-complete.

Proof. See full paper.

Experimentations
A typical example of class of SRA problems addressed here
is the Dynamic Weapon-Target Allocation (DWTA) prob-
lem described by Hosein, Athans, & Walton (1988) which
have been shown to be NP-complete even in the static un-
constrained case.

We have tested an algorithm based on FRTDP of Smith
& Simmons (2006) where each state action space was first
filtered by a constraint checking. The DWTA problem we
consider was a naval defense problem with unreliable and
constrained resources (see full paper for details). Compar-
ison between MaCSP and standard MDP (figure 1) shows
that MaCSP correctly adresses the branching factor.
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Figure 1: Performance comparison

Further Work
There are mainly two future research avenues for further
work. First, factored MDP of Boutilier, Dearden, & Gold-
szmidt (2000) is a very well suited framework to apply
MaCSP, with constraints between state variables, allowing
also to prune non consistent states if a priori knowledge
about environment is available. Second, Graphical Games
Theory of Kearns, Littman, & Singh (2001) where con-
straints were recently applied to solve graphical games, so
this framework could lead to stochastic graphical games
with few efforts.
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